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Abstract: In this article, we present an iterative transformation method for solving fractional partial
differential equations that combines the Aboodh transform and iterative methods. By this iterative
transformation method, numerical solutions in the form of series are obtained. When we apply this method
to the fractional linear Klein—Gordon equation, we find that it yields the same results, just like the
Homotopy perturbation method. The procedures and results of this method for solving the new generalized
fractional Hirota—Satsuma coupled KdV equation are given in the paper.
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I. INTRODUCTION

In recent decades, fractional-order partial differential equations have been widely used and developed in physics,
engineering, and fluid mechanics. Compared with integer-order partial differential equations, they are more suitable to
portray complex phenomena and processes. Therefore, the method to solve fractional partial differential equations is
also a relatively important problem. Now, there are methods to solve fractional-order partial differential equations. For
example, in [13], the finite-difference methods, the Galerkin finiteelement methods, and the spectral methods to solve
fractional-order partial differential equations are mentioned; Gepreel uses the Homotopy perturbation method to obtain
the solution of the fractional Klein—Gordon equation in [14]; Khalid used the Aboodh transform method to solve the
equations [12]; in [4], Ziane used the fractional Aboodh variational iteration method to solve the equations; Jafari
introduced the Iterative Laplace transform method in [2]; Aboodh used the Sumudutrans form of the variational
iteration method to solve linear homogeneous partial differential equations; Thabet [9] introduced a new analytic
method to solve partial differential equations with fractional order, and El-Rashidy used the method to obtain new
traveling-wave solutions of the equations. Hosseini used the modified Kudryashov method to obtain exact solutions of
the coupled sineGordon equations. Mohammad Tamsir employed a semianalytical approach to obtain the approximate
analytical solution of the Klein—Gordon equations; The Klein—Gordon equation is a crucial equation in the study of
relativistic quantum mechanics. Many authors have solved the generalized Hirota—Satsuma coupled KdV equation
utilizing various equations , including the homotopy analysis approach . Thisis a significant class of equations in
mathematics and physics. In this study, we employ the Aboodh transform in conjunction with an iterative approach to
generate approximations to partial differential equations with fractional order. The results demonstrate the method’s
validity, further, it also may be applied to other fractional-order partial differential equations.

Basic Definition
Definition 1 The fractional Riemann—Liouville of operator D?is as follows
0™w(x) p=m
P
DPw(x) = 9 x axw(x) 1
Tom = pyaxr ), (x_g)p_mlds.m— 1<p<m
Wherem € zt.p € Rt where 0 <p <1
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DPw(x) = de.

I Jo (x=e)t?
Definition 2 The Riemann—Liouville integral operator with fractional order is defined asfollows
1

I'(p)
Definition 3 The Caputo fractional derivative of w(x)is defined as follows, m € N

0™w(x)
oxm

‘;Vrgx)].m—1<p<m(3)

Pw(x) = fx(x — )P lw(e)de.p > 0.6 > 0(2)

CDPw(x) = m
i}

Definition 4 The Aboodh [1, 10] transform of w(x)is defined as follows

|

1 0
Alwx)]=KWw) = ;f w)e ¥ dx.x 20.k; <v <k, (4)
0
Definition 5 The fractional Caputo operator of the Aboodh transform is [24]
a . m—1 1 “
A [Dx w(x)] =v¥ Alw(x)] — Z —rark W (0).wherem —1 < a <m (5)
k=0

II. METHODOLOGY OF THE ABOODH TRANSFORM ITERATIVE METHOD
To briefly describe this equation in detail, we consider the following fractional partial differential equations
0%w(x.t)

at®
where M and N are the nonlinear and linear operators from Banach space B — B, respectively, c ER", m-1< a <

= M(Wl(x.t).wz(x. . ... ....Wn(x.t)) + N(Wl(x.t).wz(x.t). ....Wn(x.t)) (6)

m.m = 0.1..... n
subject to the initial condition

*w(x.0)
k= wi(x.0).k=01.......m—1.meN
Then, the Aboodh transformation acts simultaneously on both sides of the equation, and we obtain
*w(x.0)
|~ A[M(Wl(x. ). wy (x. ). eer e Wy (. t)) + N(wl(x. ). wy (. t). e e wy (. t))]. (8)
Hence
m-—1
k A 1 (n) 0) =
v* Alw(x.t)] — e (x.0) =
n=0
A[M(Wl(x. ). wy (. t). e Wy (. t)) + N(Wl(x. ). wy (x. ). eer e Wy (. t))](9)
Through the use of the inverse Aboodh transform, we obtain
-1
t)=A""1 AN ™ (x.0
w(x.t) = el €2 )
n=0

+ At [v"‘A[M(W1 Ce.t).wy(x. ). e v Wy (. t)) + N(Wl(x. ). wy (. t). e Wy (. t))]] (10)

The following iterative method is utilized

wix.t) = Z w;(x.£)(11)
i=0
The nonlinear operator M can be decomposed into
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M(Wl(x. ). wy(x. t). ey (. t))
= M(Wlo(x £). Wpo (X ). eev e . Wi (X t))

(Z wy;(x.t). Z wyi(x.t).. Zwm(x t))
mz 1l(x.t).mz:lwzi(x. t)z Wni(x.t)>l (12)
i=0 i=0

i=0

Then, we can obtain

Ditowi(x.t) =
A7 [ER w0 +

p2tn

A" tpTk [A [M (w10 (. £). wag (. ©). oo oo . Wi (x. ) +

N(Wlo(x-t)-Wzo(x-t)--------Wno(x-t))]]+A_ [ KA oM (B Wi (6. 8) X g Woy (X 8) . B Wiy (2. 1)) —

M(ET wy; (. 8) . TG W (. 6) e BTG Wi (. )] +
Ao R Ao [N (BT g (e ) B Wy (6. 8) o Tl Wiy (. 8)) —
N(EG Wy (e 6) . S Wi (6. 8) oo TG Wi (e )] (13)

We make the following settings

m-1
wy =A"1 1+n w®™ (x. 0)] .
n=0
SRp— [ M(Wyo(x. £). Wog (R £). wev e Wi (2. 1)) ]
te +N(W10(x. £). Woo (. ). e oo Wy (. t)) '

=471 ‘k[ [M (W10 (. t). W (2. ). v e Wi (3. £)) 4 N (W (. 1). Wi (x. £). ... ....Wno(x.t))]]

-M (El wy; (x. t).ri:1 wy; (x.t). .. ril Wy (x. t))
" (Z wy;(x.t). Z wyi(x.t).. Z wy; (x. t)) —
Z .

(Z wi(x.0). z War(x.1) . Zl ey t))

Finally, we obtain the approximate solution of the fract10nal-order partial d1fferent1al equation

w(x. t) = wo(x. t)+w, (x.t) + wy(x.t) + -+ wp(x.t).m = 1.2.3. ... ... (15)

Theorem B is the Banach space, if there exists 0 < K < 1,
lwnll < Kl|lwy|| for Vx € N. then the approximate solution w(x.t) converges to A.

Proof Define the sequence A;,i=0,1,....,n
AU = W,
Al = WO + Wl
AZ :WO"I'W]_ +W2 (16)
Ay =wo+wy + i +wy,
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and prove that (A;)i» is a Cauchy sequence, and we consider

l4n = An—sll < lAnll < K™wq (17)
form > n > 0 € N.we have

”An - Am” = "An —Ap FHAp Aot Ay — Am”
< ”An - An—l” + ”An—l - An—z” +--t ”Am+1 - Am”
< (K" + K14+ K™A, (18)
Km+1(1 _ Kn—m)l
1-K |

Ao

where w, is bounded, and we have
hm”An - Am” =0(19)
nm

Therefore, the sequence (A;)i»o is a Cauchy sequence in B, so the solution of Eq. (6) is convergent. The error estimates
are as follows:

m+1

— suplwo (x. O] (20)

sup

w(x.t) — z w;i(x.t)| <
i=0

Remark Similar proofs can be found in [9].

III. TEST EXAMPLE
Example 1 Consider the linear fractional Klein—Gordon equation [6]
0%u 9%u
W—W—uz 0.0<a<1 (21)
subject to the initial condition:
u(x.0) = 1 + sinx.(22)
The Aboodh transform of the linear fractional Klein—Gordon equation [11] is

1,27 9%u(x.t)
v A[u(x. )] = (;) u(x.0) + A [T +ux. t)] (23)

Using the inverse Aboodh transform of the above equation, we obtain

11 | [9%u(x.t
u(x.t) = A 1[; u(x. 0)] +At|v “A[ +u( t)] (24)

Jdx 2

then, we use the iterative method above, and we have

1
ug(x.t) = A7t [ﬁ 1+ sinx)] (25)

ug(x.t) = 1+ sinx (26)

— 1-1
u(x.t) = A o

_[0%uy(x.t)
v %A [—2+ uo(x.t)” (27)

a

Tt

u(x.t) =

0%u; (x.t) + ug(x.t
Uy (x.t) = v %A [ il a)xz o(x:) +u(x.t) + uo(x.t)] —-v %A [# + ug(x. t)| (29)
2a
.t 30
w1 = 5755 G0
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9% (uy(x.t) + uy(x. t) + up(x.t))

uz(x.t) =v %4 [ +u,(x.t) + u(x. t) + up(x. t)]

ox2
9% (uq(x.t) + ug(x.t)
—vag [ ! Py 0 Fu (xt) + ug(x. )| (31)
t3a
uz(x.t) ri+3 )(32)
tna
uy(x.t) T+ 1) (33)
The result is
t% tZa t3¢x na

u(x.t) =1 +sinx +

T+a TAd+ze)  Ta+30 T T+ (34

When @ = 1. the exact solution of the linear fractional Klein—-Gordon equation is as follows: u(x.t) = e’ + sinx

IV. CONCLUSION
In this article, we use the Aboodh transform with an iterative method to solve fractional partial differential equations.
We find that the results using the homotopy perturbation method and the method in this article to the Klein-Gordon
problem are the same. We see that the errors were not significant by picking specific values. Therefore, employing the
Aboodh transform and the iterative method to solve fractional partial differential equations is effective.
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