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Abstract: This paper is concerned with inverse quasi-static thermal stress analysis in a thin circular
cylinder due to internal heat generation under transient temperature conditions. The internal heat
generation is taken as a cylindrical surface heat source in the annular region of the linear length of the
cylinder and is situated concentrically inside the cylinder releases heat spontaneously at the time t = G .
The thin circular cylinder is subjected to known internal heat flux and the convection due to dissipation
takes place through the upper surface and circular boundary surface. The unknown convective heat flux
applied at the upper surface of cylinder are required to be determined. The integral transform methods are
used for the analytical solution of non-homogeneous boundary value problem and illustrated graphically.
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L. INTRODUCTION

Wankhede [9] has determined the quasi-static thermal stresses in circular plate subjected to arbitrary initial
temperature on the upper face with lower face at zero temperature. Khalsa , et al. [S] have studied two-dimensional
transient  problem for a thick  disc with internal heat sources . Ghadle et al. [4] have studied an inverse quasi-
static thermoelastic problem of a thick circular plate. Khobragade, et al. [6] have studied , an inverse thermoelastic
problem of finite length thick hollow cylinder with internal heat source .

Warsha K. Dange [1,2 ,3 | has determined thermal stresses in a hollow Cylinder, thermal stresses in a hollow
cylinder with internal heat generation and also thermal stresses in annular disc due to boundary conditions of radiation
type. This paper is concerned with inverse quasi-static thermal stress analysis in a thin circular cylinder due to internal
heat generation under transient temperature conditions. The internal heat generation is taken as a cylindrical surface
heat source in the annular region of the linear length of the cylinder and is situated concentrically inside the cylinder
releases heat spontaneously at the time # = ¢ . The thin circular cylinder is subjected to known internal heat flux and
the convection due to dissipation takes place through the upper surface and circular boundary surface. The unknown
convective heat flux applied at the upper surface of cylinder are required to be determined. The integral transform
methods are used for the analytical solution of non-homogeneous boundary value problem

MATHEMATICAL FORMULATION OF PROBLEM :

The heat source & (I",Z ,t ) is an instantaneous cylindrical surface heat source of strength g;, in annular region of

linear length of cylinder and is situated concentrically inside the cylinder releases heat spontaneously at time £ =& is

given by
&
g(r.z,t)= 2”r5(r—rl)5(z—zl)5(t—g) (1)

where O is the Dirac-delta function.
The governing partial differential equation of non-homogeneous boundary value problem,
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with the boundary conditions

aa—:—th:U(l”,t) (unknown) atZ:—g, 0<r<a (3)

aaT: (1) (known) atz=¢, 0<r<a )
4

a_T+h2T:O atzzﬁ,OSI"Sa 5)
1574 2

and

z_T+h3T:0 atrza,—ggzgg (6)
Z

T=0 at t=0 (7
where hl R h2 R h3 be the relative heat transfer coefficients on the lower, upper and circular surface of the thin circular
cylinder respectively,

k is thermal conductivity of material of cylinder and
& is thermal diffusitivity of material of cylinder.
the expressions for displacement and thermal stresses for plane stress i.e. solid thin circular cylinder with radius «a are

17 1-v r [ |
u=1+v)a |—\|rdr+| —— || | rrdr 8
(1+v)a r;[ (1+Va2j ;'; ®
o =akF _—I:rfrdr+ Ljifm’r _ (9)
r t r2 g a20 |
1§ 1§
Oy =0aE r—2£rrdr+ ?!rrdr—r (10)

o,.=0,=0 11

For long solid circular cylinder in plane strain the radial displacement and thermal stresses are given by

1+v 1 r )\ f
uz(:a,j ;.{[Trdrj+((l—2v)?j jrrdr for &, =0

0

and

1+v (17 1-3v r (¢
u=|——a —\zrdr |+ — trdr || for 6. =¢ 12
(l—v ’j r-! j (I—H/ azj }[ rEx=hH (1D

aE | -17 1
o, =— —zjrrdr+ —2Irrdr (13)
l-v|r a
a 0
aE| 1] 1
Cpp =— —2Irrdr+ —2Irrdr—r (14)
I-v|r a
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al | 2v
o.=——| —|trdr—t| forg =0
l-via g
and
_ atE d. _
= — |Ttrar—t | for & =¢, (15)
1-via

The equations (1) to (15) constitute the mathematical formulation of the problem.

THE SOLUTION FOR UNKNOWN TEMPERATURE

The integral transform method has been used to find analytical solution of non-homogeneous boundary value problem
(equations 1- 7).

The Hankel transform and its inverse developed to remove space variable r, defined as

T(an,z,t)=IrJ0 (anr)T(r,z,t)dr (16)

0

2 2J,(a,r)T(a,,z,t)

T(r,z,t)zz

2[ 72 2
=a [JO (e,a)+J; (ana)]
where ¢, are positive roots of the transcendental equation

hJ,(aa)-al (aa)=0.

and the finite Fourier transform and its inverse developed to remove space variable z, defined as
h

T, ft) - jﬁcos[ﬂm(ﬁgﬂmsm{ (Hm T(a,zt)dr a9

_h
2

(a,.2.1) Zf B cos{ﬂm(z+gﬂ+hsm{ (z+zﬂ T(a,.B,.t) (19

where N is normality constant which can be determined by orthogonality of circular functions as
4
VN =

2; (§+zjh + 8, sin[Zﬁm (§+zﬂ

and ﬂm are positive roots of transcendental equation

Bh, cos(Bh)— °sin(ph) =

On applying Hankel transform as defined in equation (16) and Finite Fourier transform as defined in equation(18) and
their corresponding inverse transforms, one obtain the temperature distribution within circular cylinder as

amn
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h
T(r,z,t):(kizjii[Jz Jy(@,r) )J ﬂmcos{jn;v_( 2”

m=1 n=1 n n (20)
X{[Qoﬂsz((jn)J(l_e a(a +p2L )+a.l’ g(an, o )ea(a3+ﬁi)(t§)d7}
a, +p,
Since T =0 at t =0
= The temperature change 7 =1 —7; =T 21
The unknown convective heat flux applied on the lower surface of cylinder is given by
8 & Jo(a,r) ~hp
U(r,t)=| — 01 "n Lo
(1) (kazj;;(ﬁ (a,a)+J] (ana)J( JN
_( ) (22)
OB, f(«, ~alai i) = ~a{ai+f})(1-<)
D l-e +aJ.0g(an,ﬂm,r)e dr

DISPLACEMENT AND THERMAL STRESSES IN THIN SOLID CIRCULAR CYLINDER

The expressions for displacement and thermal stresses for plane stress i.e. solid thin circular cylinder can be obtained by
using equations (8) to (11) as

u(r,z) = ( 1+v jii a(1+v)J,(ar)+r(1-v)J,(a,a)

o aa[]z(a a)+J!(a, a)]

Sy GO R O B

AN rJ(aa)—al (ar B.cos| B, ol
o o[ )55[_earaten |2 )

| @b (2) (2,) (l—e_“(“5+ﬂ ’i)t)+aj;§(a,,,ﬁm,r)e_“(“5+ﬂ w9 g

24
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SatEjii[aJl(W)”JI(%a)—a'rJo(‘;ja)J ﬂ'"cos[ﬂ’" (H;ﬂ

an-a-r[J(f(a a)+J! (a,a JN

n

x{[—QO 24 (a")](l—e“(“3’+ﬂ’2”)tj+0£_[;§(0!na  o)e ’i)(’g)dr}m)

DISPLACEMENT AND THERMAL STRESSES IN LONG SOLID CIRCULAR CYLINDER
For long solid circular cylinder in plane strain the radial displacement and thermal stresses can be obtained by using

[a )+(1-20)1, (e )J ﬂ[ﬂ[zﬂ
[J( )

aa)+J} (a,a JN

I

equations (12) to (15) as u(r - t) ( 1+V a ]
, V

{[Qof _{; )J( e—a(af+ﬂ2) )4_0(-.‘[_ n’ﬂm’r)ea(aerﬂ"Z’)(tg)dT} for & = 0 @

+v)a, & a(1+v)J, (a,r)+(1-3v) ), (a,a B,cos| 3, 2k
N kail szz(al (113)[)g(ia;+?fljéin;)])} {Jﬁ[ Zﬂ

x{ —QOﬂm?(a")j(l—e alai+n j+0!r_ a,.p,.t ) a(anzwi)([g)dr}

for £, =&, (29)

h
G”(F’Z’t):(f%ﬁi(aari[gz(;;ﬁﬁ?(;)a)]} B {j’”_N[ 2H

« {(—Q‘ﬁmfg )](1 _ el )’) vaf g(a,.B,.7)e )(’g)dr} 9)

h
, cos Z+—
i 8a.E al\(ar)+r)(aa)-a-r-a,-J(aa) | ™" { " 2)}
Tlr21) (kazl VJ;; an-a-r[Jg(ana)+Jf(ana)]

B,
JN
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LQch -{; )](1 e )*“f— (e ,0)e PN e b, =0y

h
el : V}N( )

[0

foré =&, (32)

NUMERICAL CALCULATION
SPECIAL CASE:

Setting f(r) — (r2 g )2

g(r,z,0)==2-8(r-r)5(z-0)5(t—¢)

27r

One have,

8

f(a,)= 02[(8 —da’ )Jl (a,a)-49a,J, (ana)]

g(an,ﬂm,r)zﬁrl o(a, rl){ﬂ cos(ﬂ zj+hlsin(ﬂmgﬂ5(t—g)

where 7, is the radius of annular region situated 0< 7, <r and O is the Dirac-delta function.
The heat source & (I",Z ,t ) is an instantaneous cylindrical heat source of strength g; = 50Btu / hr. ﬁ , situated at

the center of the circular cylinder along radial direction and releases its heat instantaneously at the time ¢ = ¢ = 2hr .

DIMENSION:
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Radius of a circular cylinder a@ =1 ft ,
Central circular path of cylindery = 0.5 fl‘
Thickness of a circular cylinder Z = 0.1 ﬁ .

Level surface where known heat flux is situated inside circular cylinder & = 0.05 f7.

MATERIAL PROPERTIES:
The numerical calculation has been carried out for an Aluminum (Pure) hollow circular cylinder with the material
properties as,

Density O = 169lb/ﬁ3,
Specific heat €, = 0.2083tu/lb0F,
Thermal conductivity k =117 Btu / (hr - ft- OF),

Thermal diffusivity o = 3.33 f¢*/ hr,
Poisson ratio v =0.35,

6 1
Coefficient of linear thermal expansion @, = 12.84x10 6 F s

Lamé constant ff = 26.67
Young’s modulus £ =130GPa.

ROOTS OF TRANSCENDENTAL EQUATION:
The o, = 0.471448,a, =1.07908,; =1.696798,cx, =2.312416,c; = 2.928661

are the positive roots of transcendental equation 7,/ (0( a ) -alJ, ((l a ) =0 and

the B, =2.627675, B, = 5.307325, 3, =8.067136, B, =10.90871, 5, =13.819192,
heat transfer coefficient h1 = hz = h3 =10 are the positive roots of transcendental equation

Bh, cos(Bh)—psin(Sh)=0.

The numerical calculation has been carried out by setting for convenience,

8 16(1+v)a 8aE 8aE
LT el G L _|_ses
= ka* ; ( a’ j and ¢ ka®(1-v)

II. CONCLUDING REMARKS
In this problem a circular cylinder is considered under transient temperature field and determined the expressions for
unknown temperature, displacement and thermal stress functions due to convective heat transfer and internal heat
generation as a cylindrical surface heat source. The application of convective heat transfer causes temperature changes
followed by displacement and thermal stresses within solid thin circular cylinder.
From figure 1: The temperature changes due to convective heat transfer with time and the convection due to
dissipation through circular boundary surface is observed.
From figure 2: The temperature changes cause’s heat transfer within circular cylinder which result displacement at
circular boundary surface.
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From figure 3: The radial thermal stresses are zero at centre and at circular boundary. For long circular cylinder the
radial thermal stresses are less as compare to thin cylinder. The radial stresses develop tensile stresses in both thin and
long cylinder.

From figure 4: The development of compressive angular thermal stresses is observed. The angular thermal stresses are
zero at centre.

From figure 5: The compressive axial thermal stresses seen around the centre where internal cylindrical surface heat
source is situated.

So expansion is observed in radial as well as in axial direction which result into bending of thin circular cylinder
whereas the thermal stresses developed in long circular cylinder is absorb along thickness and hence displacement is
inversely proportional to length of cylinder.

The thermoelastic problems due to surface heat source has wide scope of applications in engineering problems like
surface coatings, dielectric barriers, anti reflective coatings of glass and solar cells etc. Any particular case of special
interest is derived by analytical expressions for temperature, displacement and thermal stresses.
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Figure 1: Unknown Temperature distribution —— along radial direction.
x
U ( r,z, t)
Line 1 represents Unknown Temperature distribution —— for thin solid circular cylinder.
V4
U ( r,z, t)
Line 2 represents Unknown Temperature distribution ———— for long solid circular cylinder.
V4
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Figure 2 :Displacement function —— along radial direction.
v
u(r,z,t)
Line 1 represents displacement function —— for thin solid circular cylinder.
e
u(r,z,t)
Line 2 represent displacement function ————— for long solid circular cylinder when &, = 0.
e
u(r,zt)
Line 3 represent displacement function ————— for long solid circular cylinder when &, = &,.
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Figure 3: Radial stress function T along radial direction.
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. . oy (rzt) .
Line 1 represents radial stress function —————— for thin solid circular cylinder.

. . 0, (r,z1) o o
Line 2 represents radial stress function ———— for long solid circular cylinder which is almost zero.
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Figure 4: Angular stress function ——— along radial direction.
. _og(r.z.t) o .
Line 1 represents angular stress function ———————= for thin solid circular cylinder.
. . Ugg(l",Z,t) L . L
Line 2 represents angular stress function ———————= for long solid circular cylinder which is almost zero.
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Figure 5: Axial stress function ————— along radial direction.
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o..(r.z1)
The axial stress function ————— for thin solid circular cylinder in plane state is zero.

. . . Oz (I’ » 2,1 S .
Line 1 represent axial stress function —————— for long solid circular cylinder when &_ = 0.

| | o, (r.z.t) o |
Line 2 represent axial stress function —————— for long solid circular cylinder when&_ = &;.

REFERENCES
[1] Dange,Warsha K. , “Thermal Stresses Of Two-Dimensional Transient Thermoelastic Problem For A Hollow
Cylinder”, International Journal Of Engineering And Innovative Technology (IJEIT), Volume 4, Issue 6, December
2014.
[2] Dange, Warsha K. “Two-Dimensional Transient Thermoelastic Problem Of A Annular Disc Due To
Radiation ” International Journal Of Mathematics Trends And Technology- Volume 17, Issue 1- January 2015.
[3] Dange,Warsha K. “Two-Dimensional Transient Thermoelastic Problem For A Hollow Cylinder With Internal Heat
Generation” International Journal Of  ScienceAndResearch (IJSR), Volume 4, Issue 1,January 2015.
[4] Ghadle K.P. Gaikwad Kishor R.”An Inverse Quasi-Static Thermoelastic = Problem Of A Thick Circular Plate”
Southern Africa Journal Of Pure And Applied Mathematics Sajpam Volume 5, (2011), 13-25.
[5] Khalsa Lalsingh ,Vinod Varghese,” Two-Dimensional Transient Problem For A Thick  Disc With Internal
Heat Sources” Faculty Of Mechanical Engineering Transaction (2010),38,173-180
[6] Khobragade N.W. ,Jadhav C.M. Ahirrao B.R. “ An Inverse Thermoelastic Problem Of Finite Length Thick
Hollow Cylinder With Internal Heat Source “ Advances In Applied Science Research, 4(3), (2013), 302-314.
[7] Ozisik N.M. , Boundary Value Problem Of Heat Conduction ,International Text Book Company Scranton
Pennsylvania 1968.
[8] Sneddon L.N. (1972) ,The Use Of Integral Transform New York Mc. Graw Hill.
[9 ][Wankhede, P. C.: On The Quasi-Static Thermal Stresses In A Circular Plate, Indian J. Pure Appl. Math., Vol. 13
(8) (1982), 1273-1277

Copyright to IJARSCT DOI: 10.48175/IJARSCT-550A
www.ijarsct.co.in

320

:| 2581-9429 |2
IJARSCT



