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Abstract: The Fractional Sumudu–Fourier Transform (FrSFT) is a useful mathematical tool that 

combines the features of the Sumudu Transform and the Fractional Fourier Transform. It provides a 

simple and effective way to study functions with fractional and oscillatory behaviour and has 

applications in mathematics, signal processing, and engineering. In this work, the analyticity of the 

Fractional Sumudu–Fourier Transform is established using testing function spaces and generalized 

functions. The obtained result strengthens the mathematical foundation of the transform and provides a 

basis for further studies and practical applications in applied mathematics. 
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I.  INTRODUCTION 

Integral transforms are important mathematical tools that help to simplify complex mathematical problems into forms 

that are easier to solve. They are widely used in mathematics, physics, engineering, and signal processing to solve 

differential equations and to study different types of functions [8]. Among these transforms, the Fourier Transform is 

one of the most widely used because it converts a function from the time domain to the frequency domain, making it 

easier to analyse signals and physical systems [33], [34], [35]. 

The Fractional Fourier Transform (FrFT) was introduced as a generalization of the classical Fourier Transform to 

overcome some of its limitations. It allows signal analysis in intermediate domains between the time and frequency 

domains by introducing a fractional order [1]. This additional flexibility has made the FrFT useful in optics, image 

processing, communication systems, and many other scientific applications [11]. Similarly, the Sumudu Transform has 

gained attention because of its simple operational properties and its ability to preserve the original units of a function. It 

has been successfully applied to solve many ordinary and partial differential equations arising in science and 

engineering [13], [14], [15]. 

In recent years, researchers have developed several generalized integral transforms by combining the advantages of 

existing transforms [2]. The Fractional Sumudu–Fourier Transform (FrSFT) is one such transform that combines the 

properties of the Fractional Fourier Transform and the Sumudu Transform. This transform provides a broader 

mathematical framework for studying functions with both fractional and oscillatory behaviour [17-22]. Like every 

integral transform, it is important to investigate its fundamental mathematical properties before it can be applied to 

practical problems [9]. 

One of the most important properties of any integral transform is its analyticity. The analyticity theorem shows that the 

transformed function is analytic under suitable conditions, which is essential for developing further theoretical results 

such as inversion formulas, convolution theorems, and operational properties [7]. The theories of generalized functions, 
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distribution spaces, functional analysis, and fractional calculus provide the mathematical foundation for proving these 

results [35], [36]. 

The main aim of this work is to establish the Analyticity Theorem for the Fractional Sumudu–Fourier Transform in the 

framework of testing function spaces and generalized function [4]. The obtained results strengthen the mathematical 

foundation of the FrSFT and provide a basis for its future applications in fractional differential equations, signal 

processing, mathematical physics, and other areas of applied mathematics [19-24].  

The organization of the paper is as follows. Section 2, introduced the basic definition and preliminary concept that 

required for the study. In section 3, suitable testing function space is constructed. Section 4, presents the Distributional 

Fractional Sumudu – Fourier Transform and discusses its formulation. In section 5, main body of this paper is 

represented i.e. Analyticity Theorem. And section 6, describe final conclusion. The notation and terminology as per A. 

H. Zemanian [9], [20].  

 

II. DEFINITION 

2.1 Fractional Sumudu Transform:  

The Fractional Sumudu transform of a function �(�) with parameter � is denoted by, ��(�) and is defined by 
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1
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where � �� � parameter > 0. 

 

2.2 Fourier Transform:  

The Fourier transform of a function �(�) with parameter � is denoted by �[�(�)] = �(�) and is defined as,  

�(�) = � �(�) �������

�

��

 

for parameter � > 0.  

 

2.3 Fractional Sumudu – Fourier Transform: 

The Fractional Sumudu – Fourier transform of �(�, �) is given by 

����� {�(�, �)} = ��(�, �) = � � �(�, �)
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where,  

��(�, �, �, �) =
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is the kernel of Fractional Sumudu – Fourier transform such that 0 < � <
�

�
.  

 

��(�, �, �, �) belongs to the testing function space and �(�, �) lies in its dual space.  
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III. TESTING FUNCTION SPACE �(��) 

An infinitely differentiable complex valued smooth function �(�, �) on �� belongs to �(��), if for each compact set 

� ⊂ ��,� such that, 

��,� = {�, �: �, � ∈ ��, |�| ≤ �, |�| ≤ �, � > 0, � > 0} 

and the seminorm,  ��,�,�(�) =
���

�, � ∈ ����
���

� �(�, �)� < ∞  �ℎ��� �, � ≥ 0 

Hence,    �(��) = {� ∈ ��: ��,�,�(�) < ∞, ∀ �, � ≥ 0} 

Moreover,    �(��) = �� ∈ ��: ����(�) ⊆ ��,�� 

where ���� (�) denotes the support of function �.  

Finally, the dual space of �(��) is defined by, 

�∗(��) = {�: �(��) → �; � is the contineous linear functional}. 

A generalized function � is said to be Fractional Sumudu–Fourier transformable if � ∈ �∗(��). 

  

IV. DISTRIBUTIONAL FRACTIONAL SUMUDU-FOURIER TRANSFORM 

The distributional Fractional Sumudu – Fourier transform of �(�, �) ∈ �(��) defined by, 

�����{�(�, �)} = ��(�, �) = 〈�(�, �), ��(�, �, �, �)〉 

where,     ��(�, �, �, �) =
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for each fixed � (−∞ < � < ∞), � (−∞ < � < ∞), � > 0, � > 0 ��� 0 < � <
�

�
 . 

Also denotes  �� = �
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Therefore, the above kernel can be written as,     
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V. ANALYTICITY THEOREM 

5.1 Lemma:  

Statement:  Let   �� (�, �, �, �) =
�

�
�

��� ����

���
 �

�

�
�����

�

��������
��

�
 �������

 �����  

then,   ��
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where,  �� = ��(�, �, �, �).   
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Define  � =
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 �����  which is independent of �.  
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Differentiate w. r. t. �, we get  
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Differentiating again, we get 
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similarly,     
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5.2 Analyticity Theorem  

Statement:  Let �(�, �) ∈ �∗(��) and its Fractional Sumudu – Fourier Transformation be defined as, 

�����{�(�, �)} = ��(�, �) = 〈�(�, �), ��(�, �, �, �)〉 

then ��(�, �) is analytic on �� if the ���� � ⊂ ��,� such that  

��,� = {�, �: �, � ∈ ��, |�| ≤ �, |�| ≤ �, � > 0, � > 0} 

moreover �����{�(�, �)} = ��(�, �) is differentiable and  
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Proof:  Let � = (��, ��, ��, … , �� , … , ��) ∈ �� and � = (��, ��, ��, … , ��, … , ��) ∈ �� be arbitrary but fixed point. Here 

we first prove that  
�

���

{��(�, �)} = 〈�(�, �),
�

���

��(�, �, �, �)〉 

for fixed �� ≠ 0, choose two concentric circles ����� ��� with centre at �� with radii � and �� respectively such that 

0 < � < �� < |��|  

Let Δ�� be a complete increment satisfying 0 < |Δ��| < � 

Consider,  

��(�� + Δ��, �) − ��(��, �)

Δ��

− 〈�(�, �),
�

���

��(�, �, �, �)〉 = 〈�(�, �), ����
(�, �)〉 

………. (5.1) 

therefore,  
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〈�(�, �), ����
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now separating the constant part we get,  
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since the exponent is quadratic in �, the higher derivative follows the Gaussian derivative formula. Thus, we can write,  
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since for any fixed � ∈ �� and fixed � with 0 < � ≤
�

�
. 

��
���(�, �, �, �) is analytic inside and on ��.  

We have Cauchy integral formula,  
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………. (5.3) 

But for all � ∈ �� and � is restricted to a compact subset of �� with 0 < � ≤
�

�
. 

�(�, �, �̂, �) = ��
���(�, �, �̂, �) as in (5.3) bounded by constant �.  

Moreover, |� − �� − Δ��| > �� − � > 0 and |� − ��| = ��, therefore we have  
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Where, �(�, �, �, �̂) = ��
���(�, �, �, �̂) is bounded by a constant �. Thus, as |Δ��| → 0 and |Δ��| → 0. |��

�����
(�, �)| 

and |��
�����

(�, �)|tends to zero uniformly on the compact subset of ��, therefore it follows that ����
(�, �) and 

����
(�, �) converges in �(��) to zero. Since �(�, �) ∈ �∗, we conclude that equation (5.1) also tends to zero. 

Therefore ��(�, �) is differentiable with respect to ��  and ��. But this is true for all � = 1, 2, 3, … , �. Hence ��(�, �) is 

analytic on �� and ��
���

�[��(�, �)] = 〈�(�, �), ��
���

���(�, �, �, �)〉.  

Hence proved.   

 

VI.  CONCLUSION 

This study explored the analyticity of the Fractional Sumudu – Fourier transform (FrSFT) and examined its important 

analytical behaviour in suitable testing function. The finding shows that the transform has a strong mathematical 

foundation and behaves effectively under the appropriate condition. By combining the characteristics of both the 

Sumudu transform and the Fourier transform, FrSFT provides a broader approach for studying function that involves 

fractional behaviour and oscillatory patterns.  

The study also confirm that the analyticity and the convergence of the transform can be established under the specific 

assumption making it reliable for mathematical analysis. In addition, the Fractional Sumudu – Fourier transform may 

be useful in solving fractional differential equation and problem related to signal processing, mathematical physics and 

engineering. Therefore, the FrSFT can be considered an effective and promising transform in advance analytical 

studies.  

 

REFERENCES 

[1] H. M. Ozaktas, Z. Zalevsky and M. A. Kutay, “The Fractional Fourier Transform with Applications in Optics and 

Signal Processing”, John Wiley, Chichester, New York, USA, 2001.  

[2] E. Sejdić, I. Djurović and J. Jiang, "Time–Frequency Feature Representation Using Energy Concentration: An 

Overview of Recent Advances," Digital Signal Processing, vol. 19, no. 1, pp. 153–183, 2009.  

[3] V. D. Sharma, "Analytical Behaviour of the Fractional Fourier–Laplace Transform," International Journal of 

Mathematics Trends and Technology, vol. 5, no. 2, pp. 1–4, 2017. 

[4] V. D. Sharma and P. B. Deshmukh, "Analyticity of Two-Dimensional Fractional Fourier–Mellin Transform." 

[5] V. D. Sharma and P. B. Deshmukh, "Inversion Theorem of Two-Dimensional Fractional Fourier–Mellin 

Transform." 

[6] N. H. Mankar and V. D. Sharma, "Inversion Formula for the Generalized Fractional Fourier Transform." 

[7] S. Gajbhiye and V. D. Sharma, "Analyticity of Fractional Fourier–Wavelet Transform," International Journal of 

Scientific Research in Science and Technology, Vol. 9, Issue 6, pp. 577–581, 2021.  

[8] R. N. Bracewell, “The Fourier Transform and Its Applications”, 2nd ed., McGraw-Hill, New York, 1986. 

[9] A. H. Zemanian, “Generalized Integral Transformations”, Interscience Publishers, New York, 1968. 



I J A R S C T    

    

 

               International Journal of Advanced Research in Science, Communication and Technology 

                         International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal 

Volume 6, Issue 2, July 2026 

Copyright to IJARSCT DOI: 10.48175/IJARSCT-37746    405 

www.ijarsct.co.in  

 
 
 

ISSN: 2581-9429 Impact Factor: 8.2 

 
[10] F. B. M. Belgacem and A. A. Karaballi, "Sumudu Transform: Fundamental Properties, Investigations and 

Applications," International Journal of Applied Mathematics and Stochastic Analysis, vol. 2006, Article ID 91083, 

2006. 

[11] F. B. M. Belgacem, "Introducing and Analysing Deeper Sumudu Properties," Nonlinear Studies, vol. 13, no. 1, pp. 

23–41, 2006. 

[12] M. A. Asiru, "Further Properties of the Sumudu Transform and Its Applications," International Journal of 

Mathematical Education in Science and Technology, vol. 33, no. 3, pp. 441–449, 2002. 

[13] V. Namias, "The Fractional Order Fourier Transform and Its Application to Quantum Mechanics," Journal of the 

Institute of Mathematics and Its Applications, vol. 25, pp. 241–265, 1980. 

[14] H. M. Ozaktas and D. Mendlovic, "Fourier Transforms of Fractional Order and Their Optical Interpretation," 

Optics Communications, vol. 101, pp. 163–169, 1993. 

[15] D. Mendlovic and H. M. Ozaktas, "Fractional Fourier Transforms and Their Optical Implementation," Journal of 

the Optical Society of America A, vol. 10, no. 9, pp. 1875–1881, 1993. 

[16] A. W. Lohmann, "Image Rotation, Wigner Rotation and the Fractional Fourier Transform," Journal of the Optical 

Society of America A, vol. 10, no. 10, pp. 2181–2186, 1993. 

[17] V. D. Sharma and P. B. Deshmukh, "Topological Properties of Two-Dimensional Fractional Fourier Transform," 

International Journal of Science, Technology & Management, vol. 4, Special Issue 1, 2015. 

[18] V. D. Sharma and P. B. Deshmukh, "Convolution Theorem for Two-Dimensional Fractional Fourier Transform," 

International Journal of Pure and Applied Research in Engineering and Technology, vol. 3, no. 9, pp. 103–109, 2015. 

[19] V. D. Sharma and P. D. Dolas, "Analyticity of Distribution Generalized Fourier–Stieltjes Transform," 

International Journal of Mathematical Analysis, vol. 6, no. 9, pp. 447–451, 2012. 

[20] V. D. Sharma and A. N. Rangari, "Analyticity of Distributional Fourier–Laplace Transform," International Journal 

of Mathematical Sciences and Engineering Applications, vol. 5, no. 5, pp. 57–62, 2011. 

[21] V. D. Sharma and P. D. Dolas, "Representation Theorem for the Distributional Fourier–Stieltjes Transform," 

International Journal of Scientific and Innovative Mathematical Research, vol. 2, no. 10, pp. 811–814, 2014. 

[22] V. D. Sharma and S. A. Khapre, "Analyticity of the Generalized Two-Dimensional Fractional Cosine Transform," 

Journal of Mathematical and Computational Science, vol. 2, no. 2, 2012. 

[23] I. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol. II, Academic Press, New York, 1968. 

[24] L. Schwartz, Theory of Distributions, Hermann, Paris, 1957. 

[25] A. H. Zemanian, Distribution Theory and Transform Analysis, Dover Publications, New York, 1987. 

[26] W. Rudin, Functional Analysis, 2nd ed., McGraw-Hill, New York, 1991. 

[27] W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, New York, 1987. 

[28] L. V. Ahlfors, Complex Analysis, 3rd ed., McGraw-Hill, New York, 1979. 

[29] J. B. Conway, Functions of One Complex Variable, Springer-Verlag, New York, 1978. 

[30] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, 

Gordon and Breach, 1993. 

[31] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999. 

[32] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, 1974. 

[33] E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford University Press, London, 1948. 

[34] G. B. Folland, Fourier Analysis and Its Applications, Wadsworth Publishing Company, 1992. 

[35] R. E. Edwards, Functional Analysis: Theory and Applications, Holt, Rinehart and Winston, New York, 1965. 

[36] D. S. Jones, The Theory of Generalized Functions, Cambridge University Press, Cambridge, 1982. 

 

 

 

 



I J A R S C T    

    

 

               International Journal of Advanced Research in Science, Communication and Technology 

                         International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal 

Volume 6, Issue 2, July 2026 

Copyright to IJARSCT DOI: 10.48175/IJARSCT-37746    406 

www.ijarsct.co.in  

 
 
 

ISSN: 2581-9429 Impact Factor: 8.2 

 
BIOGRAPHY 

Prof. Dr. A. N. Rangari,  

M.Sc., M.Phil., Ph.D., MH- SET,  

Professor at Department of Mathematics, Adarsha Science, J. B. Arts and Birla Commerce Mahavidyalaya, 

Dhamangaon Rly, Dist:- Amravati, Maharashtra, India. 

Research Interest in Integral Transform, published more than 50 research papers, give talks in various conferences on 

mathematics as a resource person. Got Best paper presentation award. Working as BOS Member, Mathematics, Sant 

Gadge Baba Amravati University, Amravati. Participated in various academic activities in the college.  

 


