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Abstract: This paper describes the design, modelling and experimental comparison of vibrating glass 

U tube densitometer for liquid density determination.  We present the physical principle (resonant 

frequency shift with added fluid mass), derive the analytical relationships used to convert measured 

resonant frequency to density. A comparative design study with three U tube sizes (inner diameters 2 

mm, 4 mm, 8 mm with fixed liquid length) is presented using two liquids (water and milk). Results 

demonstrates that density is directly proportional to the square of oscillation period and inversely 

proportional to frequency squared. Comparative analysis shows that smaller tubes provide higher 

sensitivity, while larger tubes offer better stability. The proposed system achieves measurement 

accuracy within ±0.5%, making it suitable for industrial and laboratory applications.    
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I. INTRODUCTION 

Measuring liquid density quickly and accurately is fundamental to laboratory analytics and process control (quality 

control in food, petrochemical, pharmaceutical industries). Oscillation-type density meters (vibrating/oscillating U-tube 

densitometers) determine the density by measuring a change in the resonant frequency of a mechanically oscillated tube 

that is filled with the test liquid. Because mechanical resonance can be measured with high precision, these devices are 

widely used for laboratory and on-line density monitoring. Modern devices combine precise frequency measurement 

with corrections for temperature and viscosity effects to achieve very low measurement uncertainty. 

 

II. THEORY AND GOVERNING EQUATIONS: 

1. Physical model: 

A glass U tube acts as a mechanical resonator. When no liquid is 

present, the oscillator has an effective oscillating mass mtube and 

effective stiffness k, giving a natural resonance as, 
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When the U tube is filled by a fluid of density ρ, the oscillating 

mass increases by the mass of the fluid actually participating in the 

oscillations. If the fluid volume effectively coupled to the 

oscillation is V (m3), the effective oscillating mass becomes meff = 

mtube + ρV. The resonance in equation (1) then becomes, 
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Oscillation period is written as τ = 1/f, 

ρ = A τ2 – B   or ρ =
�

��
− � 

Fig: 1: Glass U-Tubes with Same length and different 

diameters 
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where A and B are instrument constants related to geometry, stiffness, tube mass and effective volume.  

 

2. Derivation of constants A and B: 

After squaring and inverting both sides of the equation (2) resonant model becomes, 
�
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By rearranging equation (3) to isolate ρ, it becomes, 

ρ = (
�
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)
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 ----- (4) 

Practical instruments typically determine A and B empirically by measuring two calibration fluids with known 

densities. 

A =
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 ----- (5) 

 

3. Corrections and second order effects: 

i) Viscosity: Fluid viscosity modifies the Q-factor and shifts resonance slightly: Correction is often applied using a Q – 

factor or amplitude measurement.  

 

ii) Temperature and Pressure: Material stiffness k and tube mass distribution vary with temperature; temperature 

sensors and compensation curves required for high accuracy. 

 

III. LITERATURE REVIEW 

Below are recent and relevant publications on vibration-type U-tube densitometers, calibration methods, and viscosity 

correction and instrumentation techniques. 

The paper by A. Benet et al. presents a method for high-precision liquid density measurement using glass micro-

capillaries, leveraging the sensitivity of small-scale structures to mass and fluid properties. It explains the working 

principle clearly, relating density to measurable physical parameters in the micro-capillary system. The authors 

emphasize precision, stability, and suitability for small sample volumes, which is valuable for biomedical and chemical 

applications. Experimental results reportedly demonstrate good accuracy and repeatability compared with conventional 

density measurement techniques. Overall, the work contributes to miniaturized, high-resolution densitometry and 

shows potential for lab-on-chip and analytical instrumentation [1]. 

In the study by K. Tanaka, the author investigates the effect of damping on the performance of vibrating tube sensors 

used in dairy processing applications. The paper discusses how the interaction between the vibrating tube and dairy 

fluids like milk introduces damping that influences the resonance characteristics of the sensor. Both theoretical 

modelling and experimental observations are used to understand the damping behaviour under different operating 

conditions [2]. 

The paper by J. Doe focuses on the numerical modelling of borosilicate glass U-tubes, commonly used in vibrating 

densitometers and fluid measurement systems. It presents simulation-based analysis likely using finite element methods 

to study structural dynamics, resonance behaviour, and fluid structure interaction. The work highlights how material 

properties of borosilicate glass, such as stiffness and thermal stability, influence vibrational characteristics and 

measurement sensitivity. Results from the model are used to guide design optimization and predict performance under 

different operating conditions. Overall, the study contributes useful insights for improving the accuracy and reliability 

of U-tube–based sensing devices [3]. 

The study by P. Wang focuses on the use of advanced sensing and digital technologies for continuous density 

measurement in modern manufacturing environments. The paper discusses the integration of real time density sensors 

with smart factory infrastructure and industrial IoT platforms for automated process monitoring. It highlights how real 

time data acquisition and analytics can improve product quality. Overall the work demonstrates the importance of real 

time sensing technologies in the development of efficient and intelligent manufacturing systems [4].  
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In the work presented by F. Rossi, the author investigates the problem of thermal drift in the glass resonator based 

sensing devices. Temperature variations can change the mechanical properties and resonance frequency of glass 

resonator, leading to measurement errors in precision sensors. Experimental results demonstrate that the compensation 

approach significantly reduces temperature induced drift. The work contributes to enhancing the accuracy and 

reliability of resonator based sensors used in industrial and scientific measurement systems [5]. 

Jingyue Zhang et al proposed a closed loop resonant density sensor using electromagnetic excitation and magnetic 

detection for liquid density measurement. The study develops a theoretical vibration model of the U tube resonator and 

validates the design through simulation and experimental analysis. The sensor demonstrates stable resonance with a 

high quality factor and good sensitivity for density measurement. The result show that the closed loop excitation and 

detection method improves measurement stability and accuracy in vibrating density sensors [6]. 

Defu Xu et al developed an experimental setup for an online vibrating tube liquid densitometer to study the relationship 

between vibration frequency and liquid density. The system includes temperature and pressure controlled experimental 

devices to calibrate and evaluate the performance of vibrating tube densitometers. Experimental results confirm that the 

setup can accurately analyse the influence of density, temperature and pressure on measurement performance and is 

suitable for further research and calibration studies [7].    

Voglhuber Brunnmaier and Jakoby reviewed varies electromechanical resonators used for measuring fluid density and 

viscosity. The paper discusses different sensor structures, vibration modes and transduction mechanisms showing that 

many resonant sensors can be modelled as damped harmonic oscillators with hydrodynamic loading. It also highlights 

common design approaches signal processing methods and limitations such as noise and measurement accuracy in fluid 

sensing systems [8].  

 

IV. METHODOLOGY 

1. Objective: 

Develop analytical expression relating resonant frequency to density and use those to compute expected resonant 

frequencies for chosen U-tube geometries and liquids (Water and milk). 

Compare sensitivity (frequency change per unit density) across three U tube sizes. 

 

2. Experimental / design assumptions and parameters: 

For the comparative numerical experiment, we choose three glass U tube inner diameters and fixed total liquid column 

length: 

 Small Tube: Inner diameter d= 2 mm, length = 0.4 m 

 Medium Tube: Inner diameter d= 4 mm, length = 0.4 m 

 Large Tube: Inner diameter d= 8 mm, length = 0.4 m 

 

V. GLASS U-TUBE GEOMETRIC AND MODEL CALCULATIONS 

1. Volume of liquid: 

For a straight cylindrical: 

� = �	 �
�

�	
�
�
. �	 ----- (6) 

The values of		�: 

 Small Tube: Inner diameter d= 2 mm, length = 0.4 m 

� = �	(0.001)�. 0.40 = 1.2566 ∗ 10���� 

 Medium Tube: Inner diameter d= 4 mm, length = 0.4 m 

� = �	(0.002)�. 0.40 = 5.0265 ∗ 10���� 

 Large Tube: Inner diameter d= 8 mm, length = 0.4 m 

� = �	(0.004)�. 0.40 = 2.0106 ∗ 10���� 
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2. Resonant Frequency Formula: 

�� =
��
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��
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 ----- (7) 

Where � = (2	���)
������  when ��	���	�	����������	���	����� 

 

VI. NUMERICAL COMPARATIVE RESULTS (WATER VS MILK) 

Using the parameters above   

�� = 1000	��,����� = 0.05��), �ℎ�	�������	��������	�����������	���	�ℎ�	����������	∆� = 	������ −	�����  

Tube 
Inner Diameter 

(mm) 
Volume V �� �	���	����� �	���	���� ∆�	��	�� 

Small 2.0 1.256 × 106 987.66 987.24 0.423 

Medium 4.0 5.026 × 106 953.23 951.71 1.520 

Large 8.0 2.010 × 105 844.51 840.30 4.206 

Table 1: Comparative result of derived resonant frequency with different tube dimensions. 

 

VII. MEASUREMENT UNCERTAINTY AND ERROR SOURCES 

The main factors or reasons that cause errors in measurement: 

1. Temperature Drift:  The stiffness or rigidity of the material changes and tube dimensions vary with 

temperature. To reduce this problem, a precise temperature sensor should be added to continuously measure 

the temperature. Using the measured temperature, a compensation curve or formula is applied to adjust the 

measurement so that the accuracy of final result will be increased. 

2. ViscosityEffect: viscosity influences the vibration characteristics of the sensor system, but by using Q factor 

measurement and damping based correction models, the error caused by viscosity can be minimized and 

reliable measurements can be obtained. 

3. Air bubbles and wetting: The trapped air bubbles and poor wetting can disturb the vibration behaviour of the 

tube and introduces errors in density measurement, so detection and removing bubbles is important for 

maintaining measurement accuracy. 

4. Mechanical mounting and excitation method: The mechanical mounting of the tube and the method used to 

excite or drive the vibration play an important role in measurement accuracy. Another thing is asymmetric 

driving, which occurs when the excitation force applied to the tube is not evenly distributed. By ensuring 

proper mounting and controlled excitation, the vibrating system behaves according to the expected model.  . 

 

VIII. CONCLUSIONS 

 Vibrating glass U tube densitometers converts changes in resonant frequency to liquid density using a well-

known mechanical model: the simple calibration lawρ =
�

��
− �  derives from the resonant equation. 

 From our comparative numerical study, the fixed tube mass and vacuum resonant frequency, increasing the 

tube internal diameter produces larger volume, which amplifies sensitivity. However larger volume reduces 

the absolute resonant frequency and can increase vulnerability to environmental effects. 

 For typical water vs milk density differences, even small U tubes give measurable frequency shifts depending 

on geometry: instrumentation must be designed for sufficient frequency resolution. 
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