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Abstract: The partial differential equation plays an important role in Physics, Chemistry, Differential
Equations and many more applied subjects. Also various methods of solving partial differential equations are
found in literature. In this paper, we use double Elzaki Transform to solve some partial Differential equations.
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I. INTRODUCTION

In Science and Engineering issues, we generally look for answer of the various differential equations with initial and
boundary conditions. On account of conventional differential conditions, we may initially observe the overall arrangement
and decide the constants from conditions. But similar method is not working for partial differential equations. So it is
challenging to change these constant and capacities to fulfil the given limit and conditions.The Boundary value problems,
Initial value problems, Heat equations, Wave equations are mathematically represented in terms of partial differential
equation. The partial differential equations are solved by various ways: i) by using method of separation, ii) by using integral
Transforms, iii) by using Numerical methods, iv) Decomposition methods, etc. In literature various articles are found with
this reference, [14] explains solution of partial differential equation by using numerical methods, [2] explains convolution
method, [3], [7], [8], [9], [12], [15] presents integral Transform method. In method of integral transform involves Fourier
Transform, Laplace Transform, Double Sumudu transform and Double Laplace Transform. In this paper we use Double
Elzaki Transform to solving some partial differential equations. We use the following definitions and properties for further
calculations.

I1. DEFINITIONS AND PROPERTIES
2.1 Definitions:
Double Elzaki Transform
Let f(x,y)with x,y > 0 be a function which can be expressed as a convergent infinite series then its Double Elzaki
Transform is defined as,

x,y
E{fCoy)iuv) = Twv) =w [ [ f(xy)e @dxdy,

whenever integral exist.

Inverse double Elzaki Transform is defined as,
E, T (u,v)} = f(x,y), x,y > 0.

Function of exponential order:

The function f(x, y) is said to be of exponential order,
a>0,b>00n0<x < o,
0<y<w

if there exists a positive constants k such that,

F(x,9)| < kea'.
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Existence condition for the Double Elzaki Transform:
If f (x,y) is continuous in every finite interval and of exponential order then Double Elzaki Transform of f(x, y)is exist.
Now we discussed the some standard properties of double Elzaki Transform:

2.2 Standard Properties of double Elzaki Transform
A. Linearity Property
If f (x,y) and g(x,y) be two functions of x, y > 0 such that,

Ex{f(x,y)} = Th(w,v),
and
Ex{g(x,y) = T,(u,v)} then,
Ex{af(x,y) + Bg(x, )} = aE{f (x, )} + BE{g(x, )} = aT1(w, v) + BT, (u, v).
Proof:
By using definition we have,

E{af (,y) +Bguy)} =uv [7 [T e i slaf (x,y) + Bg(x, )] dxdy,
=ufleu[v [ e (af (xy) + Bg(x, )y dx,
= uv [ e [a [ e (e y)dy + B f e vg(xy)dy] dx
=a [uv fow fowe_g_%f(x, y)dxdy] + B [uv Iy fowe_g_%g(x, y)dxdy)]
= aB{f(x, )} + BE;{g(x,¥)} ,Vx,y ER

B. Change of Scale Property
If E,{f (x,¥)} = T(u, v) then E,{f (ax, by)} = ﬁT(au, bv).

Proof:
X
Ef{f(ax,by)} =uv [ [ e sf (ax, by)dxdy,
Uv 0 o _ﬂ_b_y
:Efo J, e @ vvf (ax, by)abdxdy,
1 0 0O _ax_by
=— uv [ [ e v (ax, by)abdxdy]

= ﬁ [T (au, bv)].

C. First Shifting Property

If E{f (x, )} = T(u,v) then E,{e™*™f(x,y)} =T [1—uau' 1—va]'

Proof:

Let By (™ f(x,)} = wv [ [ e W ve™* f(x,y)dxdy
=uv f0°° f0°° e Ga-(Gv)y f(x,y)dxdy

u v
=7(, =)
1-au 1-bv.

Similarly, after replacing a by —a and b by —b in (III), we have,

D.If E,{f(x,y)} = T(u, v)then E{e "2V f(x,y)} = T( . )

1+au’ 1+bv

E. Elzaki Transform of Partial Derivatives
a 1

1. E, {af(x, y)} = ;T(u, v) —uT(0,v).

Proof:
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By using definition we have,
a 0 ro X Y 9
B - fy)} = wv f7 f) e v o f(x,y)dxdy,
o Y o X9
=vf e {uf et fx,y)dx}dy (1)

Using definition of Elzaki Transform we have,
a w X0
E{>feey}=uf e i fx,y)dx,
= %T(u, ) —uf (0, y), substitute in (1) we obtained,
a o0 _Z
E; {;f(x, y)} =vf, e [%T(u,y) - uf(O,y)] dy,
1 o X o Y
=2 [y e Ty} —ufv [ e 0,1y}
= =T (w,v) —uT(0,v).
]
2.E, {6_y f(x, y)} = %T(u, v) —vT(u,0)
22 a
3. E, {ﬁf(x, y)} = éT(u, v) —T(0,v) — uaT(O, V)
92 9
4E, {ﬁ f(x, y)} = V%T(u, v) — T(u,0) — Vi T(u, 0)
2
5. E, {aax_y f(x, y)} = iT(u, V) — ET(u, 0) — %T(0,0) + uvT(0,0).

VL E,{f ()} = wv?T(wand E, (g (1)} = 2T (v).
Proof: Using definition,

0 oo XY
E{f(x)} =wv [ [, e vf(x)dxdy,
=uv fowe_% fowe_gf(x)dxdy,
= uv? fowe_%xf(x)dx
= uv? fowe_%xf(x)dx
= p? [u foooe_gf(x)dx]
=v2E{f(x)} = v*T(w).
On the same way we have, E,{g(y)} = u?T(v).

2.3 Double Elzaki Transform of Some Standard Functions
We calculate double Elzaki Transform of some standard functions using definition summarized in the following table:

Function f(x,y) Double Elzaki Transform T (u, v)
1 u?v?
eax+by uzvz
(1—=auw)(1—bv)
cos(ax + by) u?v?(1 — abuv)
1+ a?u?)(1 + b?v?)
sin(ax + by) u?v?(au + bv)
(1 + a?u?)(1 + b?v?)
sinh(ax + by) 1 u?v? u?v?
2 [(1 —aw)(1-bv) (1+aw)(l+bv)
cosh(ax + by) 1 u?v? u?v?
E[(1 e —bv) T A+ aw)(l + b

Table 1.3.1: Double Elzaki Transform of some standard function
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II1. APPLICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS

3.1 Inhomogeneous Partial Differential Equation
Consider inhomogeneous partial differential equation of the form,

Uy, = —csin(cy), y >0
with initial condition, u(x,0) = x,
and boundary condition, u(0,y) = 0, u(0,0) = 0, where c is constant.
Solution:
Now taking double Elzaki transform of given partial differential equation and taking Elzaki transform of initial and boundary
condition we have,

Ez{uxy} = —cEy{sin(cy)}
with E{u(x,0)} = T(u,0) = u3, E{u(0,y)} = T(0,v) = 0, and T(0,0) = 0.
Then using above partial derivative formula we have,

1 v u 3 ,[ cv?

ET(H, v) — aT(u, 0) — ;T(O, v) + uvT(0,0) = —cu [m]

after solving we have,
udvp?

1+ c?v?
Taking inverse double Elzaki transform we get solution,
u(x,y) = xcos(cy).

T(u,v) =

3.2 Partial Differential Equation of Order One
Uy = Uy,
with initial and boundary conditions u(x, 0) = x, u(0,y) = y.
Solution:
Now taking double Elzaki transform of given partial differential equation and taking Elzaki transform of initial and
boundary condition we have,
Ez{ux} = Ez{uy}
with E{u(x,0)} = T(u, 0) = u®, E{u(0,y)} = T(0,v) = v5.
Then using above partial derivative formula we have,
%T(u, v) —uT(0,v) = %T(u, v) — vT (u,0)
after solving we have,
T(u,v) = u?vi3+udv?
Taking inverse double Elzaki transform we get solution,
ulx,y)=x+y.

3.3 Inhomogeneous Partial differential Equation of Order One
Uy +uy, = e”(1 +x),
with initial and boundary conditions u(x, 0) = x, u(0,y) = 0.
Solution:
Now taking double Elzaki transform of given partial differential equation and taking Elzaki transform of initial and
boundary condition we have,
Ey{w} + Ex{uy} = Ex{e? (1 + %), }
with E{u(x,0)} = T(u,0) = u®, E{u(0,y)} = T(0,v) = 0.
Then using above partial derivative formula we have,
1 1 _(vP@? +ud)
;T(u, v) —uT(0,v) + ;T(u, v) —vT(u,0) = {ﬁ}
after solving we have,
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udv?

1-v)

T(u,v) =

Taking inverse double Elzaki transform we get solution,

u(x,y) = xe”.

3.4 Homogeneous Partial Differential Equation of Order Two

with initial conditions u(x,0) = x, u,(x,0) = e~

Uyy + Uyy —4u =0,

2% and

and boundary condition u(0,y) = y,u,(0,y) = —2y.

Solution:

Now

taking double Elzaki transform of given partial differential equation and taking Elzaki transform of initial and

boundary condition we have,

with E{u(x,0)} =T(u,0) = O,E{uy(x, 0)} =

Ep{uy} + Ez{uyy} —4E{u(x,y)} =0
(122u)
E{u(0,y)} =T(0,v) = v3, E{u,(0,y)} = —2v°.

Then using above partial derivative formula we have,

after solving we have,

T v) v +u? —4utv?)  wvu? b3 - 2up?
v u2p? 12w’ w
udvd
T(u,v) =——
(w,v) 1+ 2u)
Taking inverse double Elzaki transform we get solution,
u(x,y) = ye %%,

IV. CONCLUSION

In this paper, we use double Elzaki Transform for solving various partial differential equations. Also the standard
properties of Elzaki Transforms are discussed in this work. Using some standard results and few calculations different partial
differential equations are solved by double Elzaki transform in few steps.
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