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Abstract: This paper is concerned with the class 3(, &, a, 8, 0, A) of normalized analytic univalent functions.
We invented Rusal differential operator by making convex combination of Ruschwey and Al-Oboudi
differential operator. New subclass 3(m, &, a, 3, 0,A) is studied with help of Rusal differential operator.
Growth theorem, coefficient inequality, convexness and some other interesting properties for given class are
examined. Extreme points for the mentioned class are also obtained.
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1. INTRODUCTION AND PRELIMINARIES
We describe the class M of all analytic, univalent functions v in the unit disk 2= {z: | z | < 1} normalized with conditions
v (0) =0, v’ (0) =1 given by
V(z) =27 - Yo, axz®. (1.1)

[3] has introduced Ruschwey differential operator as bellow,

Definition 1.1. R™: N-N defined by
R (f(2)) = ———.1(2) ne Nu{0}

-zt
=z+Yp,"elC q,zF (zeU) (1.2)

Where (.) is hadmard product defined in (2.3).

We note that R® v(z)=f(z), R’ v(z)=zv (2)

[5] and [8] has used following definition 1.2

Definition 1.2. A function v in N is said to be starlike of order o (0 < a < 1)if and only if
zv’ (2)

Re { T} >a (z€ Uand 0< a<1) (1.3)
We write the classes C (0) = C, €S*(0) = CS™

Definition 1.3. For v € N, [1] has introduced following differential operator, known as Al-Oboudi differential operator.
D™: N-N defined by

D%(z)=v(z) (1.4)
D'v(z)=(1- Yv(z)+ zv'(z) = Dif(z) [>0. (1.5)
D"v(z)=D: (D"'v(z)) (1.6)
From (1.5) and (1.6) we have
D"v(z))=z+ Yy ,[1+ (k —1)3]" a,z* (zeU) (1.7)

Jama Salman [7] has introduced the subclass namely 3 (1, ¢, «, 5, 9) of univalent normalized analytic functions. He studied
the geometric properties for the for this subclass. In concern with the given subclass we are extending our further work.
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I1. RUSAL DIFFERENTIAL OPERATOR, CLASS 3(7, €, a, B, 0, A).
We formed the Rusal differential operator by making convex combination of Ruschwey & Al-Oboudi differential
operators discussed in (1.2) and (1.7) respectively. We also introduced new subclasses 3(n,&,a, 8, d,A). which is

generalization of I (1, ¢, , 8, 0) given by [7].

Definition 2.1. For vi(z) =z - Y2, a; and v2(2) =z - Y-, a; in 3(m, &, @, B, 0, A) defined operation ‘+” and ‘*’and ‘.’ as

bellow

vi(z) + f2(2) = (Z - D=y az") + (2 - Doy b 2) = 2 — Ty (ax + by)z* (2.1)
5 vi(2) = % (2- $Es, axz") = 2- B, tay2* 2.2)
Vi(2)  Va(2) = (2 - Tigey @ 2") < (2- Bty b 2°) = 2 — Ty (ay by)z* (23)

Definition 2.2. Let n€ NU {0}, A = 0, A}: N-N defined by

AY(V(Z)) = (1- A) D™VW(Z) + AR™v (z). (2.4)
On simplifying we observed that,
A(V(2)) = 2+ EEs([1 + (k = 1DI]™* (1 = A) + A™750) ay 2", 2.5)

Ifn=0, Av (2) =V (2).

Definition 2.3. A function v(z) in M is said to be in 3(n, §, a, S, 9, A) if and only if
z(AR @)’
(AR ()
| 2 ECRORAWEZHOR | <FB (2.6)
AT (w) AW

Where0§<§, O<ﬁ§1,%§f§l, n g NU{0}.

We cited the following work which are related with subclass (1, ¢, a, 8, 9, A).
1. 3(0,%, 0,1, 0, 0) is the class of starlike functions

S(O,%, a,1,0,0) is the class of starlike function of order 0 < a <1.
The class J3(0, ¢, a, £,0,0) is the class studied by S.R. Kulkarni [6]
a+1

The class 3 (0, T’O’ B,0,0) is the class studied by Laxminarsimhan [4]
The class I(n,¢, @, B, 9, 0) is the class studied by S.R. Jumma [7] .

nok wN

II1. MAIN RESULTS
Our next theorem gives necessary and sufficient condition for the functions in N to be in I(n,¢, @, B, d,A). Also, the
corollary (3.2) gives coefficient inequality for functions in the class 3(n, ¢, a, 5, 0, A).

Theorem 3.1. ve3I(n, ¢, a,B,0,A) if and only if
Yio([1+ (e = 101" (1 = A) + A 10 28B(k — @) + (k — (1 = B)ax <2¢ f(1-a) (3.1)
neNU{O},o<,851,05a<§,§sfs 1.

Proof. Suppose that,
Y ,([1+ (e — 1DA)' (A — A) + A™R-10) 288k — @) + (k — 1)(1 — )y < 2& B(1-a)
|z| =1
|z (A% (2)) = ANE () |
-Bl2E@z (A @) — a AN (2) (2 (A (2)) — AN (2) |
le- |28 B1-a)z+ TEo,([1+ (k — DAT™(L — A) + AM*10)(26B(k — @) — B(1 — k)) a2 |
| B, ([1+ (e — DATM (A = A) + A™HR10)(28B(k — @) — B(1 — k))a, — 2 (1 — @) |
< | B, + (= DA = A) + A™RL0) 288k — @) = B(L— K)ay | =281 - @)

Copyright to IJARSCT DOI: 10.48175/IJARSCT-3472 194
www.ijarsct.co.in

ANVAN



(4 IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJARSCT

Impact Factor: 6.252
<26B- @)-2§B(1— @)
=0.
Hence, by maximum modulus theorem. ve 3(n,¢, a, 5, 3, A).
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Conversely suppose that, ve 3(n, &, a, 5,0, A).
Definition (2.1) gives us that

2(AR@)’
(Axw)
| 28 2(AR ()’ o) 2(AR ()’ 1 | <k
AT(v) AR)

k-1
akz
| 2§(1-a) -3, ([1+ (k-1 (1-N+AMTR=L0) (28 (k-a) agzk 1+ 232, ([1+ (k- 13| (1-A) +AMHF=10) (k-1) apzk—1 |<'B
But we know that Re{z} < | z |
R 3, ([1+(k—1)3] (1-A)+A K10y (k—1)agzK 1 )
e{25(1—a)—2,;'°=2([1+(k—1)a]n(1—A)+An+k—,1LC)(zf(k—a)akzk-1+z;°=2([1+(k—1)a]n(1—A)+An+k—,1LC)(k—1)akzk-1
<B
Letting z— 1~ through real values in unit disc, we will get
Yiza([1+ (k= DI*(A — A) + A0 28k — ) + (k — DA — Bhax < 2§ B(1-a)
Hence completes the proof.
Moreover, the result is sharp for the functions

2§B(1-a) Kk
1+(k—1)3]”(1—A)+A"+k‘.,1lc)(25[1‘(k—a)+(k—1)(1—[1‘)z k=2

v(z) = z- i

Corollary 3.2. Coefficient inequality
Letve 3I(m, ¢ a,pB,0,A) then,
a < 2§p(1-a)
= 28Bk-a)+(k=D)(1-B) ([1+ (k-1 A-N+A™K])
Further we will prove the Growth theorem

(3.2)

Theorem 3.3. Growth theorem

Let the function v(z) defined by (1.1) be in class JI(n, ¢, @, B, 9, A), then
2] - 26p(1-a)

([1+31"(A-D+AM 70 (26 B(2-a)+(1-B))

26p01-a)
v@| <zl + Goraseaoegeaas 12

|z|? <

(3.3)

Proof: ([1+0]"(1 = A) + A" 30) (262 —a) + (1 = B)) Xppa <
Yo (14 (k=131 = A) + A" 10) 2Bk —a) + (k —1)(1 — B)) ax < 281 —a)
Zoo a < 2§p(1—-a)
k=22 = ([140]"1-N+ATTI0)(2EB(2—a) +(1-B))
lf@| = z-¥e, a0z |
|z|+|2| £, a

_ ) 26p(1-a) )
|Z| ([1+3]M (1= +AM 0 (28R (2-a) +(1-B) |Z | = |f (Z)| (34)
Similarly, we can show that
28(1-a) )
|Z|_([1+3]n(1—A)+A”+711C)(2§B(Z—a)+(1—ﬁ) 17| < [f@| 3-3)
Hence, from (3.4) and (3.5) we can show that
Zfﬁ(l_a) 2
|Z|_([1+6]“(1—A)+A"+%C)(2§ﬁ(2—a)+(1—ﬁ) 2] < [r@ <
| |_ 28B(1-a) | zl
([1+3]*(1-A)+A 1 C) (2EB(2—a)+(1-B)

IA
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Theorem 3.4. 3(n,¢,a, B, 0,A) is convex set with respect to operation ‘+’ and “*’ defined in (2.1) and (2.2)
Proof: Let vi(z)= z- Yo, a;Z¢ and va(z)= z- Ype, bz in 3, &, a, B, 0, A)
Define g(z)= c1*vi(z) + c2*v2(z) cite=1
=(z- ko2 1,2 + (2 — Xy Coby 7
=z-Yioa(cray + coby)7t
iz ([1+ (k= 1OI" (1 = A) + A™H00) 28B(k — ) + (k — 1A = B)) (crax + caby)z*
S (B ([1+ (k= 1)A]™(1 = A) + A™*700) (288 (k — @) + (k — (1 = B))a)z* +
@R=a([1+ (k= DA (1 = A) + A™*750) (28B(k — @) + (k — 1)(1 = B))by) 7"
< 2§ —a) )t e 28B(1 - a))
=2§B(1 — a)(ci+c2)
=2{8(1 — a).

Hence. 3(n,¢, @, B, 0, A) is convex set.
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Theorem 3.5. Let v,(z) =z and

_ 26p(1-a) K
Vi (2)=2 ([ = DA L=+ A1) (28 Blk—a)+ (k—D)(1-P)) ~ (k=2) 3-6)

WhereneNU{O},o<ﬁ51,05a<§,§sfsl.

Then v (z) is in subclass I(n, ¢, a, B, 9, A) if and only if v(z) = Y571 A Vi(2)
Where A, =0and Y-, A, = 1.

Proof: Suppose that v (z) = Y.7°-1 A vk (2)
_ o 2§p(1-a) k
=7 k=2 A 1+ (k=D =N A1) (2E B le—a)+ (k-D(A-F)) ~
Troo([1+ (k— Do (1 — A) + A =10 (26 (k — ) + (k — D(A — B)) X
( 2§p(1-a) YA
([1+(k-D)M A=A +A™F*=R0) (28 p(k-a) + (k-1)(1-p)) 7 7K
Yi=2 M 2§p(1 —a)
<28(1—a)
Hence v(z) € 3(n,¢,a,B,0,A)
Conversely assume v(z) € I(1, ¢, a,5,0,A)

28B(1-a)([1+(k-1)31*(1-N+A"* =10y (28 (k—a) +(k—1)(1- )
Set A, = 25;?(1—0:;1 ( ) ax

k=2)

A =1- YA
Yk=1 v (2) = 24v1(2) + Xz A vi (2)
=2z- Yoy 2"
This completes the proof of theorem.

Theorem 3.6. Suppose v;(z) = z — Y=, ai ;2" is in the class (17, €, @, B, 9, A)
where, i=1,2............. t
Define h(z)= * %_, v;(2) 3.7)
Then, h(z) € 3(, &, @, B, 0, A).
Proof. Let h(z)= % * ¥t vi(2)
=it *vi(2)
_yt 1

=2iz17 * (2 = Xk Qg z)

1
=Z§:1(Z - Z}O:=1? Ay i Zk)
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= (2~ T Tioa; a7,

— [es) k
=7Z- Y, QiZ
1

(1 + (k= DA = A) + A1) (2680 — o) + (e = (A = ) ((Thos+ )7

1
<=yt
ST i

-128f(1—a)

<281 —a)
Hence h(z) € 3(,&,a,B,0,A).
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