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L. INTRODUCTION

Banach [1] established a result which is known as Banach fixed point theorem or Banach contraction principle, (BCP)
to prove the existence of solutions for integral equations and non-linear functional equations. Since then, BCP became a
very common tool for solving a set of problems in different scientific fields. After that, a large quantity of literature is
observed which applied, generalized, and expanded this results in several bearings by changing the hypothesizes,
utilizing different setups. The need to build a suitable model that accurately measures the distance between two objects
and more has prompted excited many authors, in which numbers of generalizations of metric spaces have shown in
several papers, such as 2-metric spaces, n-metric spaces, partial metric spaces, and cone metric spaces. These
generalizations were then utilized to expand the field of the study of fixed point results. More debate of these
generalizations, we refer to [3, 4, 5, 12, 13, 15]. Boyd [2] expanded the BCP to the non-linear contraction mappings.
We will start by recalling some fundamental results for h-metric spaces that will be needed in the complements. More
specifics please see [6, 10].

Definition 1.1. [9] Let G be a non-empty set and h: G> — [0,1) be a function fulfilling the next conditions for all
x,y,z,wW € G:

(hM1): h(x,y,z) = 0;

(hM2): h(x,y,z) = Oifandonly ifx =y = z;

(hM3): h(x,y,2z) = h(x,x,z) + h(y,y,z) + h(z,z,w).

Then the function h is called an h-metric on G and the pair (G, h) is called an h-metric space

Example 1.2. [7] Suppose that G = R™ and ||*||a norm on G, let h(x,y,z) = ||y +z — 2x|| + ||y — z||, then(G, h) is
an h-metric space.

Definition 1.3. [8] Suppose that (G, h) be an h-metric space:

(1): A sequencex,, € G converges to x € G if h (x,,x,,x) = 0 asn — +oo, that is, for each ¢ > 0 there exists
ny € N such that for alln > ny we haveh(x,, x,,x) < &.

(i1): A sequence y, C G is called a Cauchy sequence if (Y, Yn, Vi) — 0as n,m — oo, that is, there exists n, € N
such that for all n,m = ny we have h(x,, X, x,) < €.

(iii): The h-metric space (G, h) is complete if every Cauchy sequence is a convergent sequence.

Definition 1.4. [7] Suppose that (G, h) be an h-metric space, for all radiusesr > 0 and centerx € Gwe consider the
openball Bh(x;r) ={y € G:h(y,y,x) < r}
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and closed ball Bh[x; r] ={y € G : h(y,y,x) < r}.
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Example 1.5. [7] Let G = R and h(x,y,z) = |y +z—2x| + |y — z| for all x,y,z € G, then
Bh(1,2) ={y € R: h(y,v,1) < 2}
={y eR:ly-1 <1}
={y €ER:0<y< 2}
= (0,2).

Lemma 1.6. [8] Let (G, h) be an h-metric space. If r > 0and u € G, then the ball Bh(x, r)is open subset of G.
Lemma 1.7. [7, 8, 10] In an h-metric space, we have h(x, x,y) = h(y,y, x).
Lemma 1.8. [10] Let (G, h) be an S-metric space. If sequence |un| in converges to x, then x is unique.

Lemma 1.9. [10] Let (G, h) be an h-metric space. If sequence {x,} € G is converges to x, then fung is a Cauchy
sequence.

Lemma 1.10. [7, 8, 10] Let (G, h)be an h-metric space. If there exist sequences {x,,}, {¥,,} € Gsuch thatlim{x,} = x
n—-oo
and lim{y,} = y, then:
n-—-oo
lim h(x,, X, Y) = h(x,x,y)
n-—-oo

Definition 1.11. [7, 11] Let G be a non-empty set, a g-metric on G is a function¢: G X G — [0; +o0)if there exists a
real number ¢ = 1 such that the following conditions hold for all x,y,z € G,

(i):¢(x,y) = 0,ifand onlyifx = y,

(i):¢(xy) = ¢y, %),

(iii): ¢(x,2) = o[¢(x,y) + ¢(y, 2)], the pair (G, ¢) is called a p-metric space.

Proposition 1.12. [8] Let (G, h) be an h-metric space and let ¢(x,y) = h(x,x,y); forall x,y € G. Then we have
(i): ¢ is a p-metric on G,

(i1): x, = xin (G, h) ifand only if x,, — xin (G, 0),

(iii): {x,} is a Cauchy sequence in (G, h) if and only if fung if a Cauchy sequence in (G, ).

Definition 1.13. [14] Let ¢ be the set of all continuous functions 9 : [0,1)* — [0, +), satisfying the conditions:
(1:9(1,1,1,1) < 1,
(i1): ¥ is sub homogeneous 9 (Txy, TX,, TX3, TX,) < VT(Xy, X3, X3,%X,); VT = 0,
@iii): if x;, y; € [0; +0); x; < y;fori = 1,2,3,4.We have
(X1, %2,%3,%4) < I(V1, Y2, V3, Va)-

I1. MAIN RESULTS
Theorem 2.1. Suppose that (G, h) be anh-metric space and g, f are selfing mappings on G. Let there exist 9 € gand
d € [0,1) such that (6 + 2) < 1 where, 8 = 9(1,1,1, 1) and let thatdh(gx, gx, f (gx)) < h(gx, gy, gz) yields
h(f(gx). f(g¥). f(g2)) < 9{h(gx, gy, 92),h(gx, gx, f (g)), h(gy. 9. f (9¥)), h(gz gz f(92)}(2.1)
Then F(f(gx)) is non-empty set for all x,y,z € G.

Proof. Letf(gx,) = gx; for an arbitrary x, € G. Since, dh(gxy, gxo, f(gxy)) < h(gxq, gxo, gx1)-
Thus, by inequality (2.1) and condition (iii) of Definition 1.13respectively, we obtain
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h(gx1, gx1, f(gx1)) = h(f(gxo), f(gxo), f(gx1))
=9{h(gxo, gxo, gx1), h(gxo, gxo, gx1), R(gX0, X0, 9%1), h(gx1, gX1, f (g%1))}

Then, by Proposition 1.12, we get

h(gx1, gx1, f(9x1)) < Oh(gxo, gxo, gx1)-
Based on that we have

h(gx3, gxs, f(gx2)) < Oh(gxy, gx1, g%1);
So, we have

h(gxz, gxz, gx3) < 0 h(gxy, gx1, gx;) < 67 h(gx,, gxo, gx1)-
Repeating this manner, we get a sequence {gx,}n,s1 € G, such that f(gx,) = gx,,,which fulfills:
h(gxn, 9%n, GXn+1) < 0™h(gxo, gxo, 9%1)(2.2)
Suppose that gx,, # gx,,, foreachn > 1. Then for all n < m by using (hM3),
Limma 1.7 and inequality (2.2), we have
h(gxnr 9Xn, gxn+m) < Zh(gxn' 9Xn, gxn+1) + h(gxn+m' IXn+m, gxn+1)

< Zh(gxnrgxn:gerl) + Zh(gxn+1rgxn+1rgxn+2) + Zh(gxn+m; IXn+ms gxn+2)

i=m-1

<2 Z 9i+"h(gxo,gx0,gx1) < h(gxo, 9xo, 9%1)

i=0

20™
1-06

By condition (i) of Definition 1.13and hypothesis of Theorem 2.1, we obtain
lim h(g%n, 9%n, G%n+m) = 0
Therefore, {x,,},»1 is a Cauchy sequence in (G, h) and since (G, h) is a completeh-metric space. By Definition 1.3,
then {x,},»1 conveges to some x € G, i.e.,
lim h(gx,, gx,,x) = 0
n-—-oo
Also,
lim h(gxn, gXp41,X) = 0
n-—-oo
Here, for alln = 1 we assume one of the following relations are holds

Oh(gxn, gxn, f(gxn)) < h(gxn, gxn, X);
or

ah(gxn+1r 9Xn+1r f(gxn+1)) < h(gxn! 9Xn x):
By imposing the opposite, for some n > 1 we have:

Oh(gxn, gxn, f(gxn)) > h(gxn, gxn, X);
and
Oh(gXns1, 9%ns1 £ (GXns1)) > h(GXns1, GXni1, %);
h(gxn, 9%, GXn11) < 2h(gxn, g2, x) + h(GXn11, GXn41,X)
= 0(2 + 0 )h(gxn, gXn 9Xn41):

Then (2 + 6 ) > 1 but this contradicts the hypothesis of the theorem. Hence, our
assumption is proved. Note that from the assumption of the theorem, we have either

h(gx,, gxn, 9%), h(f (gx), gxn, gx);
h(f(gxn);f(gxn);f(gx)) <9 {h(f(gxn), gxn,gx),h(f(gx),gxn,gxn)}
h(gxn+1, 9%n+1, 9%), hW(f (GXn41), GXn41, 9%, }

or, h(f (gxnsa), £ (924, f () < 0 {h(f (G%n+1), 9Xns1, 9%), h(f(gx), GXn41, GXn11)

We have two cases:
Case (i): There exists an infinite subset A € N, such that foralln € A

Copyright to IJARSCT DOI: 10.48175/IJARSCT-3097 252
www.ijarsct.co.in



(X
X%

IJARSCT ISSN (Online) 2581-9429

International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)

IJARSCT

Impact Factor: 6.252

Volume 2, Issue 3, March 2022

h(.gxn+1' gxn+1ﬂf(gx)) = h(f(gxn):f(gxn):f(gx))
< 19{ h(g2xn, g%, 9%), h(f (gXn), g%n, gX), }
= h(f(gxn), gxn, gx), h(f (gx), g%, 9%3)
_ { h(gx, gx, gx), h(f (gx), gx, gx), }
h(f(gx), gx, gx), h(f (gx), gx, gx)

Case (i): There exists an infinite subsetA € N, such that foralln € A

In case

h(gxpi2) GXns2, f(GU)) = h(f(gXns1), f(GxXns1), f(gx))

< {h(gxn+1.gxn+1.gx). h(f(gxnﬂ),gxm.gu):}

= Lh(f(gxne1), 9Xna1, gW), R(f (W), X i1, 9Xns1)
_ { h(gx, gx, gx), h(f (gx), gx, gx), }
h(f(gx), gx, gx), h(f (gx), gx, gx)

(1) and (ii), taking the limitas n — +oo foralln € A4;andn € B, such

that AN B = 0 we obtain:

h(gx, gx,f(gx)) < 9(0,0,0,h(f(gx), gx, gx),

using Definition 1.3and proposition 1.12, we geth(gx, gx, f(gx)) = 0, and Then gx = f(gx)). Hence, the proof is
completed.

Corollary 2.2. Suppose that (G, h) be anh-metric space and g; f are selfing mappings
on G. Letthereexistd € ¢ and§ € (0; 1], wheref =9(1,1,1,1) and

Then g
Proof:

1]

12].
13].

[4]-
[51.
[6].
[71-

[8].
[91.

h(f(gx), f(gy). f(g2)) <

omax §{h(gx; gy; 92),h(gx; gx; f(92)),h(gy; gy; f(gy) h(9z; gz f(92))}
and f have a unique common fixed point.

Suppose that 9 (gxy; gx,; gxs; gxs) = 6 max{gx,; gx,; gxs; gxs}-
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