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Abstract: In this paper, we defined a general form of the type of Suzuki functions on ℎ-metric space to 

obtain a common fixed point. Our results generalized some results from the literature. 
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I. INTRODUCTION 

   Banach [1] established a result which is known as Banach fixed point theorem or Banach contraction principle, (BCP) 

to prove the existence of solutions for integral equations and non-linear functional equations. Since then, BCP became a 

very common tool for solving a set of problems in different scientific fields. After that, a large quantity of literature is 

observed which applied, generalized, and expanded this results in several bearings by changing the hypothesizes, 

utilizing different setups. The need to build a suitable model that accurately measures the distance between two objects 

and more has prompted excited many authors, in which numbers of generalizations of metric spaces have shown in 

several papers, such as 2-metric spaces, n-metric spaces, partial metric spaces, and cone metric spaces. These 

generalizations were then utilized to expand the field of the study of fixed point results. More debate of these 

generalizations, we refer to [3, 4, 5, 12, 13, 15]. Boyd [2] expanded the BCP to the non-linear contraction mappings. 

We will start by recalling some fundamental results for ℎ-metric spaces that will be needed in the complements. More 

specifics please see [6, 10]. 

 

Definition 1.1. [9] Let � be a non-empty set and  ℎ ∶  ��  →  [0,1) be a function fulfilling the next conditions for all 

�, �, �, � ∈  �: 

(hM1): ℎ(�, �, �) ≥  0; 

(hM2): ℎ(�, �, �)  =  0 if and only if� = � = �; 

(hM3): ℎ(�, �, �)  = ℎ(�, �, �)  + ℎ(�, �, �)  + ℎ(�, �, �). 

Then the function ℎ is called an h-metric on � and the pair (�, ℎ) is called an ℎ-metric space 

 

Example 1.2. [7] Suppose that � =  �� and ‖∙‖a norm on � , let ℎ(�, �, �) = ‖� + � − 2�‖ + ‖� − �‖,  then(�, ℎ) is 

an ℎ-metric space. 

 

Definition 1.3. [8] Suppose that (�, ℎ) be an ℎ-metric space: 

(i): A sequence��  ⊂ � converges to � ∈  � if ℎ (��, ��, �)  →  0 as � →  +∞, that is, for each � >  0 there exists 

��  ∈  � such that for all � ≥  �� we haveℎ(��, ��, �)  <  �. 

(ii): A sequence ��  ⊂ � is called a Cauchy sequence if (��, ��, ��)  →  0as �, � → ∞, that is, there exists ��  ∈  � 

such that for all �, � ≥ �� we have    ℎ(��, ��, ��)  < �. 

(iii): The ℎ-metric space (�, ℎ) is complete if every Cauchy sequence is a convergent sequence. 

 

Definition 1.4. [7] Suppose that (�, ℎ) be an ℎ-metric space, for all radiuses� >  0 and center� ∈  �we consider the 

open ball    �ℎ(�;  �)  = {� ∈  � ∶ ℎ(�, �, �)  <  �} 
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and closed ball   �ℎ[�;  �] = {� ∈  � ∶ ℎ(�, �, �) ≤  �}. 

 

Example 1.5. [7] Let � = � ��� ℎ(�, �, �) = |� + � − 2�| + |� − �| ��� ��� �, �, � ∈  �,    then 

�ℎ(1, 2) = {� ∈  � ∶ ℎ(�, �, 1)  <  2} 

= {� ∈  � ∶ |� −  1|  <  1} 

= {� ∈  � ∶  0 < � <  2} 

=  (0, 2). 

 

Lemma 1.6. [8] Let (�, ℎ) be an ℎ-metric space. If  � >  0and � ∈  �, then the ball �ℎ(�, �)is open subset of �. 

 

Lemma 1.7. [7, 8, 10] In an ℎ-metric space, we have ℎ(�, �, �)  = ℎ(�, �, �). 

 

Lemma 1.8. [10] Let (�, ℎ) be an S-metric space. If sequence |��| in converges to �, then � is unique. 

 

Lemma 1.9. [10] Let (�, ℎ) be an ℎ-metric space. If sequence {��}  ⊂  � is converges to �, then fung is a Cauchy 

sequence. 

 

Lemma 1.10. [7, 8, 10] Let (�, ℎ)be an ℎ-metric space. If there exist sequences {��}, {��} ⊂  �such thatlim
�→∞

{��}  =  � 

and lim
�→∞

{��}  =  �,   then: 

lim
�→∞

ℎ(��, ��, ��)  = ℎ(�, �, �)  

 

Definition 1.11. [7, 11] Let � be a non-empty set, a �-metric on � is a function � ∶  � ×  � →  [0; +∞)if there exists a 

real number � ≥  1 such that the following conditions hold for all �, �, � ∈  �, 

(i): �(�, �)  =  0, if and only if � =  �, 

(ii): �(�, �)  =  �(�, �), 

(iii): �(�, �) =  �[�(�, �) +  �(�, �)], the pair (�, �) is called a �-metric space. 

 

Proposition 1.12. [8] Let (�, ℎ) be an ℎ-metric space and let   �(�, �) = ℎ(�, �, �); for all �, � ∈ �. Then we have 

(i): � is a �-metric on �, 

(ii): ��  →  � in (�, ℎ) if and only if ��  →  �in (�, �), 

(iii): {��} is a Cauchy sequence in (�, ℎ) if and only if fung if a Cauchy sequence in (�, �). 

 

Definition 1.13. [14] Let � be the set of all continuous functions    � ∶  [0, 1)� →  [0, +∞), satisfying the conditions: 

(i):  �(1, 1, 1, 1)  <  1, 

(ii):  � is sub homogeneous �(���, ���, ���, ���) <   ��(��, ��, ��, ��); ∀� ≥  0, 

(iii): if ��, ��  ∈  [0; +∞); ��  ≤  ��for � =  1,2,3, 4.We have   

�(��, ��, ��, ��)  ≤  �(��, ��, ��, ��). 

 

II. MAIN RESULTS 

Theorem 2.1. Suppose that (�, ℎ) be anℎ-metric space and �, � are selfing mappings on �. Let there exist � ∈ �and 

� ∈ [0,1) such that �(� + 2) ≤ 1 where, � =  �(1,1, 1, 1) and let that�ℎ(��, ��, �(��))  ≤ ℎ(��, ��, ��) yields 

ℎ��(��), �(��), �(��)� ≤  �{ℎ(��, ��, ��), ℎ���, ��, �(��)�, ℎ���, ��, �(��)�, ℎ(��, ��, �(��))}(2.1) 

Then �(�(��)) is non-empty set for all �, �, � ∈  �. 

 

Proof. Let�(���)  =  ��� for an arbitrary ��  ∈  �. Since, �ℎ(���, ���, �(���))  < ℎ(���, ���, ���). 

Thus, by inequality (2.1) and condition (iii) of Definition 1.13respectively, we obtain 
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ℎ(���, ���, �(���))  = ℎ(�(���), �(���), �(���)) 

= �{ℎ(���, ���, ���), ℎ(���, ���, ���), ℎ(���, ���, ���), ℎ(���, ���, �(���))} 

Then, by Proposition 1.12, we get  

ℎ(���, ���, �(���))  ≤  �ℎ(���, ���, ���). 

Based on that we have 

ℎ(���, ���, �(���))  ≤  �ℎ(���, ���, ���); 

So, we have 

ℎ(���, ���, ���) ≤  � ℎ(���, ���, ���) ≤  �� ℎ(���, ���, ���). 

Repeating this manner, we get a sequence  {���}���  ∈ �, such that �(���) =  �����which fulfills: 

ℎ(���, ���, �����) ≤ ��ℎ(���, ���, ���)(2.2) 

Suppose that ���  ≠  ����� for each� ≥  1. Then for all � < � by using (ℎM3), 

Limma 1.7 and inequality (2.2), we have 

ℎ(���, ���, �����)  ≤ 2ℎ(���, ���, �����)  + ℎ(�����, �����, �����) 

≤ 2ℎ(���, ���, �����) +  2ℎ(�����, �����, �����) +  2ℎ(�����;  �����;  �����) 

≤ 2 � ����ℎ(���, ���, ���) ≤ ℎ(���, ���, ���)
2��

1 − �

�����

���

 

By condition (i) of Definition 1.13and hypothesis of Theorem 2.1, we obtain 

lim
�→∞

ℎ(���, ���, �����) →  0 

Therefore, {��}��� is a Cauchy sequence in (�, ℎ) and since (�, ℎ) is a completeℎ-metric space.   By Definition 1.3, 

then {��}��� conveges to some � ∈  �, i.e., 

lim
�→∞

ℎ(���, ���, �) =  0 

Also, 

lim
�→∞

ℎ(���, �����, �) =  0 

Here, for all � ≥  1 we assume one of the following relations are holds 

�ℎ(���, ���, �(���))  ≤ ℎ(���, ���, �); 

or 

�ℎ(�����, �����, �(�����))  ≤ ℎ(���, ���, �): 

By imposing the opposite, for some � ≥  1 we have: 

�ℎ(���, ���, �(���))  > ℎ(���, ���, �); 

��� 

�ℎ������, �����, �(�����)� > ℎ(�����, �����, �); 

ℎ(���, ���, �����) ≤  2ℎ(���, ���, �) + ℎ(�����, �����, �) 

=  �(2 + � )ℎ(���, ���, �����): 

Then �(2 + � ) > 1 but this contradicts the hypothesis of the theorem. Hence, our 

assumption is proved. Note that from the assumption of the theorem, we have either 

 

ℎ��(���), �(���), �(��)�    ≤  � �
ℎ(���, ���, ��), ℎ(�(���), ���, ��);

ℎ(�(���), ���, ��), ℎ(�(��), ���, ���)
� 

Or,  ℎ��(�����), �(�����), �(��)� ≤ � �
ℎ(�����, �����, ��), ℎ(�(�����), �����, ��),

ℎ(�(�����), �����, ��), ℎ(�(��), �����, �����)
� 

We have two cases: 

Case (i): There exists an infinite subset � ⊂  �, such that for all � ∈  � 
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ℎ(�����, �����, �(��))  = ℎ(�(���), �(���), �(��)) 

≤  � �
ℎ(���, ���, ��), ℎ(�(���), ���, ��),

ℎ(�(���), ���, ��), ℎ(�(��), ���, ���)
� 

=  � �
ℎ(��, ��, ��), ℎ(�(��), ��, ��),

ℎ(�(��), ��, ��), ℎ(�(��), ��, ��)
� 

Case (i): There exists an infinite subset� ⊂ �, such that for all � ∈  � 

ℎ(�����, �����, �(��))  = ℎ(�(�����), �(�����), �(��)) 

≤  � �
ℎ(�����, �����, ��), ℎ(�(�����), �����, ��);

ℎ(�(�����), �����, ��), ℎ(�(��), �����, �����)
� 

=  � �
ℎ(��, ��, ��), ℎ(�(��), ��, ��),

ℎ(�(��), ��, ��), ℎ(�(��), ��, ��)
� 

In case (i) and (ii), taking the limit as � → +∞ for all� ∈  �; and � ∈  �, such 

that  � ∩ � =  0 we obtain: 

ℎ(��, ��, �(��))  ≤   �(0, 0, 0, ℎ(�(��), ��, ��), 

using Definition 1.3and proposition 1.12, we getℎ(��, ��, �(��)) = 0, and Then �� = �(��)). Hence, the proof is 

completed. 

 

Corollary 2.2.  Suppose that (�, ℎ) be anℎ-metric space and �;  � are selfing mappings 

on  �. Let there exist � ∈ �   and � ∈  (0;  1], where� = �(1, 1, 1, 1) and 

ℎ��(��), �(��), �(��)� ≤ 

�max �{ℎ(��;  ��;  ��), ℎ���;  ��;  �(��)�, ℎ���;  ��;  �(��)�, ℎ���;  ��;  �(��)�} 

Then � and � have a unique common fixed point. 

Proof: Suppose that � (���;  ���;  ���;  ���)  =  � max {���;  ���;  ���;  ���}. 
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