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Abstract: In this paper, we introduce a Finsler space which the curvature tensorUji.kh satisfies the
birecurrence property in sense of Cartan. We obtain the necessary and sufficient condition for some
tensors to be birecurrent. The relationship between the curvature tensor U ;.kh and Douglas tensor Dji.kh

have been studied. Also, some results in a projection on indicatrix with respect to Cartan connection
have been discussed.
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L. INTRODUCTION
The definition for normal projective tensor N;.kh and connection coefficients H;.k for it introduced by Yano [10].The

definition for Douglas tensor and some types of it studied by Bacso and Matsumoto [14].Dikshit [15] defind a Finsler
space which the normal projective curvature tensor is birecurrent in sense of Berwald. Misra and Meher [13]

considered a space equipped with normal projective connection coefficients Hljk whose curvature tensor Nj'.kh is

recurrent with respect to normal projective connection coefficients Hi.k and called it an RNP — Finsler space. Ali [11]

and Hanballa [5] studied the birecurrence property for Cartan’s fourth curvature tensor in sense of Cartan and Berwald,
respectively.Otman [6] introduced BP — birecurrent space.Alaa et al. [2] studied some tensors whichbebirecurrent.

Saleem [3]discussed the tensor U ;kh which satisfies the birecurrence property in sense of Berwald.Additionally, Alaa

et al. [1] andHanballa [5] studied the projection on indicatrix for some tensors with respect to Berwald connection and
Cartan's connection, respectively.

Let F, be ann— dimensional Finsler space equipped with the metric function F (x, y) satisfying the request

conditions [9].The unit vector /' and the associative vector Z; with the direction of yi are given by

(1.1) a)li=y4 and b)ll:%,

where F is a fundamental metric function which be positive homogeneous of degree one in y'. The vectors Yy, and
y' satisfy

(12) yy =F".

Cartan /1 — covariant differentiation (Cartan's second kind covariant differentiation) with respect to x'is given by [8, 9]
X;=0,X"-(5,X")G/ +X'T};.

The /1— covariant derivative of the vector y' and the metric function F are vanish identicallyi. e.

(13) 2y, =0 and bF, =0.
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For an arbitrary tensor field T, i , the /1— covariant differentiation with respect to x' which defined above, commute

with the partial differentiation with respect to y/ according to

a4 0,(1,)-(0,5), =1 (6,1;)-1/(8,T3)-(2,77) P,
where

’ - *p h *p h

(15 P, Z(ajrhl)y =107
and

(1.6) Pjy'=0.

I1. PRELIMINARIES
In this section, we introduce some conditions and definitions which are needed in this paper. The normal projective

tensor N;kh is defined as follows [10]
Ny =010, + 11, IT, v* + IT,IT, —k | h,

rjh
1 i~ i~ i i
n+ 1 (5_/'G_jkr + y ijhr ) and ijh = ajl_Ikh >

i i
where ijh = ijh -

i .
I1 e consider the components of a tensor.

The normal projective connection coefficients Hl/k is positively homogeneous of degree zero in y' and symmetric in

their lower indices is defined by [10]
Hljk = Gjl'k - y lG/’k? >
where G;k = 61 G,.

Yano denoted for the tensor H;kh by U;.kh which is defined by [10]

i i 1 i r i
@n U= ijh - n+l (5jijr Ty ijhr)
and
22 G, =0,G, .

where Gji.kh consider a connection of the curvature tensor U ;.kh. This tensor is homogeneous of degree —1 in ' and
symmetric in its last two indices, i.e.

Ujkh = Ujhk :

Also, this tensor satisfies the following

23) aU,=U,=G,, U,y =0 and U,y =U,» =U,,

where the torsion tensor Uj'.k satisfies

Q4 aU,=U,, b U, =G, and U,y =Uy =G,

where the tensor Gj. is deviation tensor which be homogeneous of degree 1 in yi and satisfy
25 Gy =26,

where G' is positively homogeneous of degree 2 in y'.
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26 aU., =U, and U, =
n+l

k>
where the tensor G , is components of the projective connection coefficients.

The Douglas tensor is given by [7, 14]
i i 1 i i
@7 D, =U, —5(5,-% +3U,).

Which satisfies the following

(2.8) D;.khy’ =D,;.hy’ =D,ihjy’ =0.
Definition 2.1. Let the current coordinates in the tangent space at the point x ;be x', then the indicatrix / L s a
hypersurface defined by [1, 4,12]

F(xo , X ) =1 or by the parametric form defined by x' = x’ (u" ) , a=12,...,n—1.

Definition 2.2. The projection of any tensor ij on indicatrix /,_, is given by [1, 9]

Q9 p.T =T h,h;,

where

2.10) k=8 -1 .

The projection of the vector y', the unit vector / " and the metric tensor g, on the indicatrix are given by

py' =0, pl'=0 and p-g; =hy.
where b, = g, —11,.

Lately, Saleem and Abdallah [4] introduced the U" —recurrent space, i.e. the tensor Uji.kh is characterized by the

condition
QInU,,, =AU, .U, #0,

Jjkh)l ki »
where 4, is non-zero covariant vector field.
III. U"-BIRECURRENT SPACE
In this section, we introduce a Finsler space which U j.kh bebirecurrent in sense of Cartan. Also, we find the condition
for some tensors which satisfy the birecurrence property.
Definition 3.1.A Finsler space F, which the tensor U /i'kh satisfies the birecurrence property, i.e. characterized by

condition

3.1 U;.khwm = almU_;.kh ,U;kh =0,

wherea,,,,is non-zero covariant tensor field. This space will be called a U" — birecurrent space and denoted it briefly by
U" - BRF,.

Let us consider a U" — BRF . Differentiating (2.11) covariantly with respect to x™ in the sense of Cartan and using
(1.3b), we get

Uit = U s + AU S -

In view of (2.11), above equation becomes
Copyright to IJARSCT DOI: 10.48175/IJARSCT-3057 30
www.ijarsct.co.in



(l |JARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
| IJtAFRth;IZ- Volume 2, Issue 3, March 2022
mpact Factor: 6.
Ul'kh\l\m = j’l\mU;'kh + j’lﬂ”mU}kh
which can be written as
U;‘Ifhmm =4a,, U;kh > U;‘Ifh #0,
where
a,, = ﬂ'l\m + ﬂ’lﬂ'm .

Thus, we conclude

Theorem 3.1.Every U" — RF,isU" — BRF for the recurrence vector field satisfies Ay + 44, #0.

Transvecting (3.1) by yh , using (2.3c¢) and (1.3a), we get

(3'2) U;kmm = a/mU;lf :
Contracting the indices 7 and j in (3.1) and using (2.6a) , we get
(3.3) Ukhmm =a,U,.

Contracting of the indices I and % in (3.1) and using (2.3a), we get

(3.4 Gl = 4, G, -

Contracting the indices I and k& in (3.2) and using (2.4b), we get
(3.5) G =a,G, .

Transvecting (3.2) by yk , using (2.4¢) and (1.3a), we get

(3.6) Gy, =a,G,.

Transvecting (3.6) by yj , using (2.5) and (1.3a), we get
3.7 =a,G".

Thus, we conclude

i
‘l‘m

Theorem 3.2.The hv — torsion tensor U ;,k, hv — Ricci tensorU i« » tensor G;k, , torsion tensor G;r , the deviation G;

and the vector G' of U" - BRF, are Birecurrent.

Differentiating (2.7) twice covariantly with respect to x' and x” in sense of Cartan, we get

(€RY) Djkhmm =Yl khlt|m + 5kUthm ) .

. 1, .
Ul —= (81U
2 J
Using (3.1) and (3.3) in (3.8), we get
i i 1 i i
D_/'kh\l\m =a, U_jkh _E(ajUkh + 5kU_/‘h) :

Using (2.7) in above equation, we get
(3.9) D . =a D

jkhmm Im™ jkh *
Thus, we conclude

Theorem 3.3.in U" — BRF, the Douglas tensor D;.kh is birecurrent.
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If the Douglas tensor Dj.,(h and U —Ricci tensor U,, are birecurrent in Finsler space, then this space is necessaryto be

U'- BRF . This will be seen as follows:

Equation (3.8) can be written as

3.10) U, =D (5U +5U,hu)

Jkh|llm jkh\/\m kh|l

From (3.9) and (3.3), we have the Douglas tensor Dj.,‘h and U —Ricci tensor U,, behave as birecurrent, then above

equation become as

Ui
Jkh|llm

:alm{D +— (5U +5U)

Using (2.8) in above equation, we get
Ul = @, U,

Jkh|llm Im
Thus, we conclude

Theorem 3.4. In Finslerspace F, if the Douglas tensor and U —Ricci tensor are birecurrent, then this space is

necessarily considered U" — BRF, .

IV. NECESSARY AND SUFFICIENT CONDITION FOR SOME TENSORS TO BE BIRECURRENT SPACE

In thus section, we find thenecessary and sufficient condition for some tensors to be birecurrentinU" — BRF, .Let us
considera U" — BRF . Differentiating (3.4) partially with respect to y", we get

@) 0,6y, =(8,4,)G) +a,(8,G}, ).

Using commutation formula exhibited by (1.4) for Gy, and (2.2) in (4.1), we get

(42) (6 G/k/\l) - skl\l (a F )_ Jsrll (a F ) (a G/k/\l) hm ( )G + a G/Ahr
Again applying commutation formula exhibited by (1.4) for G, and using (2.2) in (4.2), we get

Jkr|ljm

{G;khr\l_Gsrkr (ah F’;‘;)_G;r (ah F:z) G/ksrth} 1_Gskr\l (6 F )_G,m/ (6 F )
Gt =G (8,73) =G, (0,74 ) =G B B = (8,0, ) G+, G

which be rewritten as

@3) Gl Gl (0,T7)+ G (8,T5)+ G Bl =Gl (0,T7) =Gl (8, T
{G;/m\/ G, (av l—‘; ) - G/r'sr (av FZ ) G/rzmpt } (511‘11”1 )G + aImijhr .

This shows that

(4.4) G_,r'khr\l\m A, G./r‘khr

if and only if

@5) |Gy, (8,15)+ G, (,T5)+ Gl B} +Gly (0,175,)+ Gy (0,17, )

+ {G/r‘krs\l - G;cr (av rj? )_ G;sr (av rz ) G/rktrpt } m (3halm )G;kr =0.

Thus, we conclude
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Theorem 4.1. The tensor G;khr inU" - BRF, behave as birecurrent if and only if (4.5) holds.
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Transvecting (4.3) by y',using (1.5), (1.6) and (1.3a), we get
! r
y G, Jjkhrlllm =,y Gikhr
if and only if
(4.6) {G:krrhjs' + G/r'srrhjc }I +y Gvkr|l (ah ijn ) +y G,rw\/ (ah rkfn)
r r *t r * - r

{ ijm\l Gtkr sj G t } m Y (ahalm)ijr =0.
Thus, we conclude
Theorem 4.2. In U" — BRF,, the directional derivative of the tensor Gjyp, in the directional of y™ is proportional to
the tensor Gy, if and only if (4.6) holds.
Again, transvecting (4.3) by y™ , using (1.5), (1.6) and (1.3a), we get

y G/khr‘l‘m almym G;khr

if and only if

an |G, (0,T5)+G (8,10 )+ G;maj}lm »"
GS,{TVF s + Gjrsr‘[ S ym (ahalm)G;kr = O :

Thus, we conclude

Theorem 4.3. In U" — BRF,, the directional derivative of the tensor Gjyp, in the directional of y! is proportional to the
tensor Gjyp,if and only if (4.7) holds.

Differentiating (2.1) twice covariantly with respect to x* and x™ in sense of Cartan, we get

1 i
n+ 1 (5 ijrm + y jkhr‘l‘m) .

Using (3.1) in above equation, we get

,. 1
almU_/' G/kh‘l‘m - n+ 1 (5 G/kr‘l‘m + y ijhrm )

U =G

thmm jkh‘l‘m

Using (2.1), and (4.3) in above equation, we get

(4.8) G;kh\l\ almGth = ﬁy [{Gskr (a F ) G, Jsr (a )+ G/ksrl)hl }‘ + Gskr\l (ah F:’fn)
+G/rvr\l (a km ) {Gjrkrﬂl Gt'/;r (av Fj; ) - G;sr (a ) G/rktrPt } PY (6ha/m )G/rkr] .
Therefore

G;‘khm almG

if and only if (4.5) is holds.

Thus, we conclude

Theorem 4.4.The tensor jikhqf U' - BRF is birecurrent if and only if (4.5) holds.

Transvecting (4.8) by ), and using (1.2), we get

L (G -a Gj.k,,)=ﬁ[{c;sk,(a r)+a, (5,T)+G, P}‘ +G,,(6,17)

F 2 jkhmm Im Jjksr™ hl
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- *s r rof A *t r ~ r r
+ij\1 (ah 1—‘km ) {ijrs\l Gtkr (as 1—‘jl ) - str (a ) ijtr})htl} hm (a alm ) G/Ar] .
Using (4.8) and (1.1) in above equation, we get
(4-9) G;kh\1\m - almG;kh = lllr (G;kh\l\m a, G,kh)

Volume 2, Issue 3, March 2022

In view of (1.1), above equation can be written as

(G1,-11G},), =a, (G, ~11G),) .

[1}m
Thus, we conclude

Theorem 4.5.The tensor (Gr

i~ lier;kh ) of U" — BRF, is birecurrent.

From (4.9), we conclude
Transvecting (4.8) by ', using (1.5), (1.6) and (1.3a), we get

1 i i\ _
Y (ijhmm - almijh ) - 4l

+{G;krs\l -G, (as Fj;) (8 F )} Y -y (6ha1m)G;kr]’

which implies

[{G ™ +G r“} +y'a,, (6,1)+y'a,,(5,T5)

skr™ hj Jsr hk

y G,khm a,y G/kh
if and only if
@10 {G,I,+G, I +VG,,(5,),)+VG,,(5,T,)

+{G,, -G, (6,T)-G,, (0, 1)} ALy =¥ (8,4,,) G, =0.
Thus, we conclude

Theorem 4.6.In U" — BRF , the directional derivative of the tensor Gi.kh in the directional of y" is proportional to
n J

the tensor G if'and only if (4.10) holds.

Jkh

Again, transvecting (4.8) by y", using (1.5), (1.6) and (1.3a), we get

y ijh‘l‘m lmy G
if and only if
@1n{G, (6,17)+G,, (6,T5)+ GWPM}‘ V' 4G T+ Gl T~y (8,a,,)G), = 0.

Thus, we conclude

Theorem 4.7.In U" — BRF,, the directional derivative of the tensor Gji,kh in the directional of yl is proportional to the

tensor Gj.kh if and only if (4.11) holds.

V. PROJECTION ON INDICATRIX WITH RESPECT TO CARTAN’S CONNECTION
In this section, we prove that, if the tensors behave as birecurrent, then the projection of them are birecurrentin

U’ - BRF, . Also we find the condition for the projection of some tensors on Indicatrix which be birecurrent.

Let us considera U" — BRF .
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We know that, the curvature tensor U ‘Wl behaves as birecurrent i.e. satisfies (3.1). Now, in view of (2.9), the projection
of the curvature tensor U;kh on indicatrix is given by

i a ighycyd
S pU,, =U, hhhh .
Taking covariant derivative of (5.1) with respect to x' and x” in sense of Cartan, using (3.1) and the fact that hji.v =0,
we get
i a ighycyd
(p‘Ujkh )W = almchdhahj hch, .

Using (5.1) in above equation, we get
(5.2) ( p'Ujkh )wm =a, ( p.Ujkh ) )

This shows that p .Uji.kh is birecurrent.

Thus, we conclude

Theorem 5.1. If the curvature tensor Ujm behaves as birecurrent, then the projection of itin U" — BRF, on indicatrix
is birecurrent in sense of Cartan.

We know that, the torsion tensor U j.k behaves as birecurrenti.e. satisfies (3.2). In view of (2.9), the projection of the
torsion tensor U j.k on indicatrix is given by

(53)  pU, =U.hhh.

Taking covariant derivative of (5.3) with respect to x' and x" in sense of Cartan, using (3.2) and the fact that h;.‘ , =0,
we get

(pU, )Wm —a U'WHHK .

bc a7y

Using (5.3) in above equation, we get
sa (pUy), =a,(pUy).

This shows that p .Ujk is birecurrent.

Thus, we conclude

Theorem 5.2. If the torsion tensor U ;k behaves as birecurrent, then the projection of itin U" — BRF, on indicatrix is
birecurrent in sense of Cartan.

We know that, the U —Ricci tensor U,, behaves as birecurrenti.e. satisfies (3.3). In view of (2.9), the projection of the

U —Ricci tensor U,, on indicatrix is given by

(5.5 pU, =U,h'h.

Taking covariant derivative of (5.5) with respect to x' and x” in sense of Cartan, using (3.3) and the fact that hj.v =0,
we get

(p'Ukh )mm =a,U, h/? h: .

Using (5.5) in above equation, we get

(5.6) (p'U/m )\l\m = a[mUabhkah: .
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This shows that p .U, is birecurrent.

Thus, we conclude

Theorem 5.3.If the U —Ricci tensor U,, behaves as birecurrent, then the projection of itin U "o BRF, on indicatrix is
birecurrent in sense of Cartan.

We know that, the Dougles tensor D;,kh behaves as birecurrenti.e. satisfies (3.9). In view of (2.9), the projection of the
Dougles tensor D;M on indicatrix is given by

:Da

bed

(5.7 pD:

Jkh

ighygcyd
KRR
Taking covariant derivative of (5.7) with respect to x' and x” in sense of Cartan, using (3.9) and the fact that hji.u =0,
we get
i a ighycyd
(p'Djkh )mm =a,, Dbcdhahj hh, .
Using (5.7) in above equation, we get

(5.8) (p.D;kh )mm =a,, (p.Dj.kh) .

This shows that p.D;.k is birecurrent.

h

Thus, we conclude
Theorem 5.4. If the Douglas tensor D}'Wl behaves as birecurrent, then the projection of itin U" — BRF, on indicatrix is
birecurrent in sense of Cartan.

We know that the projection of the curvature tensor U;_kh on indicatrix behaves as birecurrent i.e. satisfied (5.2).
Using (2.9) in (5.2), we get
(Us minhh! )Mm —a, U Wh'hh .

bed""a""j k" h bed "a”"j k" h
Using (2.10) in above equation, we get
i i d i gc i c d i
(Ujkh _Ujkdl lh _chhl lk +chdl lkl lh -U

b i
bkhl lj + Ubkd

PLI‘L +U:
J h

bchlbljlglk
U

bed

PLELEL —US FL + US LI + U PLIL U ILELE,
+U?

wl LI =U LI —Us ILILIL + U,

bed

'L+ UL LI + UL LI,

I'LILIELIL),,
=a,, U, - Uj.,dl"z,, -U Il + U;ﬁch‘zkz"lh -U

bkh
—U,;dl”ljl"lkl”’lh — Uj‘?khl"lu + Uj‘?kdl"lal"lh + Uj’.‘ghl"lal"lk — U;dl"lul‘lkl"lh
+U?!

LI —Us LI~ U,

PLILEL +US I'LILILI),

bed
Using (1.1a) in above equation, then using (2.3b) and (2.3¢) in the resulting equation, we get

i 1 i 1 i 1 i a ji 1 a i 1 a i 1 aji
o —;Ujklh -—=U,l +FG/'lklh -ULl', +FUjkl L1 +FUjhl 1A _FGjl LLL)

Jkh a’k™h
F

) | 1. 1
—a, (U, ——U'l -——U'l +
U

m N> jkh F K h

i a ji 1 a ji 1 a jqi 1 aji
Gl =Ual'l, + Ul L, + ULl L === GITL L)

2

Now, since the tensors Uj.k and G;. are birecurrent, i.e. satisfy (3.2) and (3.6), respectively. Then by using (1.1) and

(1.3) in above equation, we have
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Thus, we conclude
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Theorem 5.5. If the projection of the tensor (U —U]khl 'l ) on indicatrix is birecurrent, then the space is

U - BRF, , provided U j.k and Gj. are birecurrent in sense of Cartan.
From (5.9), we get

Corollary 5.1. In U" — BRF , the projection of the curvature tensor U ;.kh on indicatrix is birecurrent, if and only if

U k/l is birecurrent.
Jjkh"a

We know that the projection of the torsion tensor U j.k on indicatrixbehaves as birecurrenti.e. satisfied (5.4).
Using (2.9) in (5.4), we get
(UnKIE), = a,Unhhh.

Using (2.10) in above equation, we get

(U;k—Ui.clclk—U ll +Ullll -U; ' +UZZZZ +U, ZZZZ —Ullllll)wm
:alm(U Ull -U, ll +Ullll -U; 'l +UZZZZ +U, lel —U:L,l’lalljlclk).

bc

Using (1.1a) in above equatlon then using (2.4¢) and (2.5) in the resultlng equatlon we get

, |
U, ——=Gl, - Gl +—Glll -U; ' +—Glll +—Glll ——Gllll)v
F '’ F’ "

a’j'k

1
a, (U}, ~—Gll, ——Gl +—Glll ~USIL + G + G ——Glll/lk)
F F*

Now, since the tensors Gj. and G' are birecurrent, i.e. satisfy (3.6) and (3.7), respectively. Then by using (1.1) and
(1.3) in above equation, we have

s.10) (U, -UsIL, )Wm =a, (U, -UI'L).

Thus, we conclude

Theorem 5.6. If the projection of the tensor (U U A 'l ) on indicatrix is birecurrent, then the space is U" — BRF,

, provided Gji, and G' are birecurrent in sense of Cartan.
From (5.10), we get

Corollary 5.2.In U’ — BRF, the projection of the torsion tensor Uji.k on indicatrix is birecurrent, if and only if

U'l, is birecurrent.
Jjk“a

We know that the projection of the U —Ricci tensorU,, on indicatrixbehaves as birecurrenti.e. satisfied (5.6).
Using (2.9) in (5.6), we get
( abhk h}[: ) = a Uabhk hh
Using (2.10) in above equation, we get
(U4 =0, ~U L+ U L), =a, (U, =U 'L =U 'L+ UL,

Now, in view of (1.1) and if U , y'=0= Uy, then above equation becomes
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Ukhmm = almUkh .

Thus, we conclude

Theorem 5.7.n U" — BRF,, if the projection of the U —Ricci tensorU,, on indicatrix behaves as birecurrent, then

the U —Ricci tensor U, also behave as birecurrent, provided Uyyy® = 0 = Uy, y©.

We know that the projection of the curvature tensor D;kh on indicatrix behaves as birecurrent i.e. satisfied (5.8). Using
(2.9) in (5.8), we get

a ighycyd a ighygcyd
(D 1k )mm = a, D W hh

bed bed

Using (2.10) in above equation, we get

{Dzid (5; _g"ga)(é‘;’ _gbgj)(é‘kc _gcgk)(é’hd _Edfh)}mm

=a, {Dy, (8, —0'0,) (8" =0, )(5 -0, )(57 -0, )}

which can be written as
(D;kh _D/i'kdgdgh _D;d/cgk +D;cdzﬂgk£d£h _D_;'lkh[[a
+D;’d€i€a€d€h +Da figafﬂfk _D;zcdgifafggkgdgh)‘l‘m

jch
(D,
+D5 00+ D =D 0 00
Using(1.1) in above equation, then use (2.8), we get

(5.11) (D, - D30, )mm =a, (D), -D

Jkh

=a, _Dji’kdfdfh _D;chfggk +Dj'cd€p€k€d€h _D;khgl[a

500,).
Thus, we conclude

Theorem 5.8. If the projection of the tensor (D;kh —D;‘khf'ﬁa)on indicatrix is birecurrent, then the space is

U" - BRF,.
From (5.11), we get
Corollary 5.3.In U" — BRF , the projection of the tensor D;.kh on indicatrix is birecurrent, if and only if D;'kh[l[ LIS

birecurrent.

VI. CONCLUSION
The relationship between some connection coefficients for different tensors was discussed. We studied different tensors
which satisfy the birecurrence property. Also, we discussed the projection on indicatrix in sense of Cartan for some

tensors which behaves as birecurrentin U" — BRF, .
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