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Abstract: In this paper, we introduced a type of generalized birecurrent space in Berwald sense. The
necessary and sufficient conditions for some tensors to be generalized birecurrent in Berwald sense have
been obtained. Also, some results in the projection on indicatrix with respect to Cartan connection have
been discussed.
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I. INTRODUCTION

Finsler geometry, which extends the concepts of Riemannian geometry, provides a robust framework for analyzing
spaces with direction-dependent (anisotropic) metric characteristics. In recent years, there has been increasing attention
on recurrent Finsler structures, which are defined by the parallel transport of specific curvature tensors along geodesics.
A key element in this study is Berwald's covariant differentiation, an essential technique within Finsler geometry. The
Fundamentals and recent studies of Finsler geometry and the relationships between the curvature tensors in Finsler
spaces discussed by [1, 4].
The generalized birecurrent Finsler spaces for some curvature tensors in Berwald sense have been studied by [3, 9, 13].
Also, the conditions for some tensors in Berwald sense have been obtained by [2, 5]. The curvature tensor Ujikh and
relations it with several tensors in different spaces studied by [16-18].

Let us consider an n — dimensional Finsler space F,equipped with the line elements (x, y) and the fundamental
metric function F positive homogeneous of degree one in y*. The vectors y; and y' satisfy [12, 14]
(1.1 a) yy' = F? and b) d;y; = 0;y; = g
The fundamental metric tensor is satisfied [4, 10, 11, 15]
(1.2) a) g = %31'3;'1:2' b) gij(x:y)yi =y; and c¢) Gy = %@cgu-
The tensor C;j; is homogeneous of degree -1 in y! and symmetric in all its indices Berwald' s covariant derivative of
the metric function F, metric tensor g;;, vectors y' and y;, the unit vectors I‘and [; are vanishing identically, i.e. [6, 8]

(1.3) a)ByF =0, b)Brgij = —2Cijiny™ = —2y"ByCiji, ¢) By’ =0,

d) Bry; =0, e Bli=0, DB L =0, g li=2,
bl =2, Dl =gyl §) Ll'=0.

Berwald' s covariant derivative of an arbitrary tensor field T,i' with respect to x! is given by
(1.4) a) ByTh = 0T + Ty Gy — TGl — (8, Th) G-

And the commutation formula for the operator 3j and By, are given by [14]
b) aj‘Blei - .BkajT}L; = TI: jikr - Tri ﬁch'
K.Yano [19], defined the normal projective connection coefficients H;k by
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(1.5) a) I, =G, - y'G}, and b) G}, = 0;GL.
n+l1
The connection coefficients H}k is positively homogeneous of degree zero in y* and symmetric in their lower indices.

K. Yano [19] denoted this tensor by Ujikh. Thus

. . . 1 . .
and b) Gjrkhr = aj Glenr Ujlkh = Gj'Lkh ) (6} jrkr +y' jrkhr) ) a(1.6)

The tensor Ujikh is called curvature tensor and G]-ikh is connection of curvature tensor satisfies [17]
Gjlkhy] = Gllcjhy] = Gllchjyj =0. ¢) (1.6)
This tensor Ufkh is homogeneous of degree -1 in y* and symmetric in its last two indices, i.e.

Ul . =yt
jkh Jjhk*
Also this tensor satisfies the following [18]
(L.7) jrrk = ﬁcr = ﬁcr!
1.8) Ujikhyj =0, (
i h i h i i i
(1.9 Uy =Ujy" =U,, where Uy = [T

The tensor Ujik is called torsion tensor and satisfies

i i
(1.10) Ujk =Ukj,
(1.11) Ul = G,
(1.12) Uhy* = Ugy* = G},
where
(1.13) Giy! = 2G".
The tensor Ujis called Ricci tensor satisfies the following [18]
(1.14) Uk = Ukns

2

where the tensor G Jk is components of the projective connection coefficient.

The Douglas tensor is given by [18]
. . 1, .

(1.16)  Djiy, = Ufen = 5 (6] Urn + LUjn)-
Also this tensor satisfies the following:
(1.17) Djuny’ = Dyjny’ = Diy;y’ = 0.
Definition 1.1. The projection of any tensor Tji on indicatrix is given by [7]
(1.18)  p.T} = TEhLRL,
where the angular metric tensor is homogeneous function of degree zero in y* and defined by
(1.19)  b)hl =6/ —1'l;.
Definition 1.2. If the projection of tensor T}i on indicatrix I,,_; is the same tensor T}i, the tensor is called an indicatrix
tensor or an indicatory tensor.
The projection of the vector y¢, the unit vector I* and the metric tensor g; j on indicatrix are given by [7]
(120) a) pyl = O, b) D li = 0, C) pg’-} = h‘ijs where d)h,_] = gU - l,_l]

Saleem [16] introduced the generalized B,;U —recurrent Finsler space. i.e. the tensor U}kh is characterized by

the following condition:

(1.21) BUjin = MUjin + 1 (8j gkn + 6kgjn),  Ujin # 0.
Where 4; and y; are non-zero covariant vector fields.
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I1. An Generalized B, B,U-Birecurrent Space

Differentiating (1.21) convaraintly with respect to x™ in the sense of Berwald, we get

BinBiUkkn = B + An AU, + Bty + Aty + 1B (8! gien + 8L jn),
Above equation can be written as
(2.1) BnBiUkn = @umUlxn + bun(8/gin + 6kgjn),  Upen %0,
where a;,,, = BppA; + 44, and by, = By + A, + 1By, are non-zero of tensor fields of second order and called
as birecurrence tensor fields of second order.
Definition 2.1. A Finsler space F, which the normal projective curvature tensor U jikh satisfies the condition (2.1) will be
called a generalized BU — birecurrent space and denoted it briefly as G (BU) — BRE, .

Transvecting (2.1) by y", using (1.2b), (1.3c), (1.9), we get
22 BuBUj = amUji + bum (81 + 63;).
Contracting the indices i and j in (2.1) and using (1.14), we get
(2.3) BnBiUkn = @umUkn + by (n + 1) gien-
contracting the indices i and h in (2.1), we get in view of (1.7), the
(2.4) BinBiGlir = Qim Gjier + 2byn G-
In view of (2.3) and (1.15), we get  Grp, = A Grn + %blm(n + D%gxn. BpBi(2.5)
Transvecting (2.2) by y*, using (1.12), (1.3¢) and (1.1a), we get
(2.6) BnBiGf = G} + by (8/F? + y'y;).
Transvecting (2.6) by ¥/ and using (1.13), (1.1a) and (1.3c), we get
B, B,G! = a;,,G* + 2b,,,, v F?. (2.7)
Contracting the indices i and k in (2.2) and using (1.11), we get
(2.8) BinBiG]r = @Gy + bn(n + 1)y;.
Thus, we conclude

Theorem 2.1. In G(BU) — BRE,, the torsion tensor U]-ik, Ricci tensor Uy, tensor jrkr, Ricci tensor Gy,
deviation tensor G]-i, vector G* and the tensor G, are non-vanishing.

Differentiating (1.16) covariantly twice with respect to x‘and x™ in the sense of Berwald, we get
. . 1, .
(2.9) BB Djyn = BmBiUjpn — E( 8B BiUsn + 6B,y BiUjn).

Using (2.1) and (2.3) in (2.9), we get
) R .
(2100 BuBiDfin = im|Ufn, =35 (8] Usn + 8iUjn)]

1 . .
+§(1 — )by (8 gicn + 6igjn)-
Using (1.16) in (2.10), we get
2.11)  BuBiDfin = @mDfin + Mim (8 gin + 5igjn),

1

where 1, = (1 — n)byy,. Thus, we conclude

Theorem 2.2. In G(BU) — BRE,, the Douglas tensor Djy, is generalized birecurrent.

If the Douglas tensor ]-lkh is generalized birecurrent and Ricci tensor Uy, is behaves as birecurrent in a Finsler space,
then the space is necessarily to be G(BU) — BRF,, Thus Eq. (2.9) can be written as
: . 1, )
2.12)  BuBiUjin = BnBiDjin + (8 BuBiUsn + 5BpnBiUjn)-
Using (2.3) and (2.11) in (2.12), we get
. . 1 . . .
(2.13) BinBiUjkn = aum[(Djien, + E((Slekh + 6, U] + blm(‘sjlgkh + 84gjn)-
Using (1.16) in (2.13), we get
214)  BuBUj = QmUjin + bun(8igien + 8cgjn)-

Thus, we conclude
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Theorem 2.3. In a Finsler space F,, if Douglas tensor D} iknis generalized birecurrent and the Ricci tensor Uy, behaves

as birecurrent, then the space considered is necessarily G(BU) — BRE, .

II1. The Necessary and Sufficient Conditions for Some Tensors to be Generalized Birrecurrent
We find the necessary and sufficient conditions for some tensors to be generalized birecurrent in G (BU) — BRE,. Let us
consider G(BU) — BRF, characterized by (2.1). Differentiating (2.4) partially with respect to y*, using (1.2c), we get
(3.1 0n BBy ke = (bhalm)G]?;cr + azm(ahGﬁchr) + z(ahblm)gjk + 4byy Cpjik-
Using commutation formula exhibited by (1.4b) for Gy, using (1.2¢), (1.6b) in (3.1), we get
(3.2) Bm(ahBl jkT) (B Jkr)Grsum - (BmGsTkr)Gfsuj - (BmGjrsr)Gﬁlk
= (Onhapm) Glrr + A Glinr + 2(0nbm) gji + 41 Chjk-
Again, applying the commutation formula (1.4b) for Gy, using (1.6b) in (3.2), we get
(3.3) BinB1Glinr = BmGiier) Gitj = Ghier (BmGij) — BmGlo) Giine = Gler B Gitue) — (B Gler) Gie =
(B kr ) Ghlm (Bl Gskr) Ghmj
—(BGj5r) Gimi = (0halm)G]kr + apn Glenr + 2(04byn) gjic + 4bim Chjic

This shows that
(3-4) BmBl Gjrkhr = almG]Tkhr'
If and only if
(3.5 (B G ) Gryj + Gper (B Gﬁlj) + (BnGjsr)Ghu + Glsr (BmGhy)

+(BnGisr)Ghuk + (BsGir)Gim + (BiGir) Gimj + (BiGisy) Gipmic + (Onapm) G, ke + 2(0nbun) gk + 4bim Chjic

=0.

Thus, we conclude

Theorem 3.1. In G(BU) — BRE, , the tensor G}, iknr behaves as birecurrent if and only if (3.5) holds.

Transvecting (3.3) by y!, using (1.3c) and (1.6¢), we get
(3~6) lemBl ]?;chr - yl(Blerkr)G}imj - yl(Bl sr)Ghmk =y (ahalm) jkr

+ylalmG]Tkhr + 2y (0rbpn) gjic + 4V D1 Crjic-

This shows that

(3.7 lemBlG};{hr = ylalmGjrkhr'
If and only if
(38) yl(Bl srkr)G}imj + yl(Bm ]sr)Ghmk + y (ahalm)

+2yt (ahblm)gjk + 4}’ blmChjk =0.
Thus, we conclude
Theorem 3.2. In G(BU) — BRE,, the directional derivative of the tensor Gy, in directional of y™ is
proportional to the tensor Gy, if and only if (3.8) holds.
Again, transvecting (3.3) by y™, using (1.3¢) and (1.6¢), we get
(3.9 ymB BlGjrkhr - mGsrkr(B Glilj) - ym(BmGjrsr)Giszzk -
"Glsr (BiGhy) — Y™ (BsGlir )G = ¥ ™ (Opam) G Ter T Y " Glnr
+2y™ (ahblm)gjk + 4y™byn Chjik-
This shows that

(3.10) Y™ BB Gjinr = aunY " Gknr + Y " bim Chji-
If and only if
(3.11) skr(B Ghl]) + Y™ (B Gl )G + Y™ G o (BiGrx)

+ y™(Bs jkT)Ghlk + Y™ (0napm )G}, er zym(ahblm)gjk + y™bym Cpjx = 0..
Thus, we conclude
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Theorem 3.3. [n G(BU) — BRE,, the directional derivative of the tensor Gy, in the directional of ytis proportional
to the tensor Gy, if and only if (3.11) holds.
Differentiating (1.6a) twice covariantly with respect to x' and x™in the sense of Berwald, we get

. . 1 . .
(G.12)  BuBUjin = BnBiGi — 75 (§/BuBiGlir + ¥ B BiGinr).
Using (2.1) in (3.12), we get
(3.13) amUpen + bun (8} gin + 6kgjn) = BnBiGlxn

—1( ‘SjiBmBl Ter y'BnB, Gjrkhr)'

Using (1.6a), (3.3) and (2.4) in above equation, we get
(3.14) BB, G}kh amG ]kh bzm(5 Gkn +8Lgjn) = [(B Gsir) Ghomj

skr(B Ghl]) + (Bm ]sr)Ghlk + G]rsr(BlGhlk) + (Bs ]kr)GPilk

+(BS ]kr)Ghlm + (BmGskr)Ghmj + (Bm ]sr)Ghmk + (ahalm)

+29k(0pbyn) + 4Dy Cpji + Zblmaj ik
This shows that
(3.15) BnBiGjien = AmGin + bim (8] Gien + 819jn)
if and only if
(3.16) (B Gsir)Ghmj + Gsrkr(BmGiszzj) + (BnGjsr) G + Gl (BiGryk)
+(Bs ]kr)Ghlk + (Bs ]kr)GIilm + (Bm G:kr)Ghmj + (Bm ]sr)Ghmk
+(Onam) Ter (ahblm)(Zij) + 2b1m5jgjk + 4by Chjie = 0.

Thus, we conclude
Theorem 3.4. In G(BU) — BRE,, the tensor G ik 1s generalized birecurrent if and only if (3.16) holds.
Differentiating (1.5a) covariantly twice with respect to x'and x™ in the sense
of Berwald and using (1.3c), we get

. ; 1
(3.17) Bm.BlU}k = BmBlG;k - mlem‘BlGﬁcr
Using (2.3), (2.4) and (1.5a) in (3.17), we get
(3.18) BnBiGl = amGly + bun (8}yic + 5Ly))-
If and only if

2yt _
Thus, we conclude
Theorem 3.5. In G(BU) — BRE,, the tensor G]-ik is non-vanishing if and only if (3.19) holds.

IV. Projection on Indicatrix with respect to Berwald’s Connection
Let us consider a Finsler space F, which the curvature tensor Uj,, is generalized birecurrent in the sense of Berwald,
i.e. characterized by the condition (2.1). Now, in view of (1.18), the projection of the curvature tensor U} /i, ON indicatrix
is given by
4.1 p-Ulen = Upeqhlh) hi by,
Taking the covariant derivative of (4.1) with respect to x! and x™ in the sense of Berwald and using the fact that
’Blh}' =0, we get
42 BuB(p-Ufwn) = BuBiUcahh iR
Using (2.1) in (4.2), we get
@3)  BuBi(p-Ujn) = [@mUfca + bin (65 gea + 8¢ goa)lheh hihi;.
In view of (1.20) and by using the fact that Blh} = 0, Eq. (4.3) can be written as
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(4.4) B Bi(P-Ujin) = @im(D-Uln) + bimp- (8} gicn + 6k gjn)-
Thus, we conclude
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Theorem 4.1. The projection of the curvature tensor U}kh of G(BU) — BRE,, on indicatrix is generalized birecurrent in

the sense of Berwald.

Let us consider a Finsler space for which the Douglas tensor Djikhis generalized birecurrent in the sense of Berwald, i.e.

characterized by (2.13). In view of (1.18), the projection of the Douglas tensor D]-ikh on indicatrix is given by

4.5) P.D}n, = D.qhl,h) A b

Taking the covariant derivative of (4.5) with respect to x* and x™ in the sense of Berwald and using the fact 'Blh]‘: =0,

we get
(4.6) BuBi(P-Dfin) = B BiDfghLh? hi ki
Using (2.11) in (4.6), we get

4.7) B Bi(P-Djir) = [@imDjin + Nim (88gca + 8&gpa) |RahY AL

In view of (1.18) and by using the fact 'Blh} = 0, Eq. (4.7) can be written as

(4.8) BumBi( 9. Djxn) = @im (P Dficn) + Num[p-(8] gien + 8k gjn)]-
Thus, we conclude

Theorem 4.2. The projection of the Douglas tensor

the sense of Berwald.

D]-ikh of G(BU) — BRE,, on indicatrix is generalized birecurrent in

Let us consider a Finsler space which the projection of the curvature tensor U’ /ien 1s generalized birecurrent in the sense
of Berwald, i.e. characterized by (2.1). Using (1.18) in (2.1), we get

B Bi(Upeahahy hih) = [im (Upca bum(85 gea + 68 gvadlhahy hichy.
Using (1.19) in (4.9), we get

B Bi{Ufa (64 — ') (8] — 1°L) (85 — 1L (85 — 1)}

(4.9)

(4.10)

= @i {Ufea(8h — 1) (8 = IPL) (8 — 1) (85 — 11}

+bzm{5z§19ca + 62 9pa) (6L — lila)(sjb —1°1) (65 — 1L (65 — ldlh)}-

Which can be written as

@.11)

BnB; (Ujikh -

Ufieal®tn = UjenlUe + Ujeal Ul — Ufinl'l (
+ U]-‘}‘,,dl‘lmldl,l + Uahlll 1l - “dlil lclkldlh)
= @ (Ufien = Ufeal®ln = Ufenl®Ue + Ujcq LUl = Ufil'ly
—Uj‘}(dl"laldlh + Uj"éhlilalclk —Ujql Tl 1% lh)

+ byn[(8} Gkn = 6} Gral*ln — 87 genllic + 8/ 9eal Ll Ly — 8 Ginl”;
+(S‘ll; gkdlbl]’ldlh + (S‘ll; gchlbljlclk - 6‘]{1 gkhlila - (S‘ll; gcdlbl]’lclkldlh
+6Ja gkdlilaldlh + 6;1 gchlilalclk—é}-a gcdlilalclkldlh + (S‘g gkhlilalbl]’
—6;71 gkdlilalbljldlh - (S‘g gchlilalbl]’ldlh + é‘g' gcdlilalbl]’lclkldlh)
+(8 Gjn — 8 gjdldlh - &8¢ inlle + 8¢ gjdlclkldlh - & gbhlblj
+6% gbdlbljldlh + 8¢ gbhlbljlcl,c — &7 gjhlila -5t gbdlbl]-lclkldlh
61? gjdlilaldlh + 6g gjhlilalclk - 6g' gjdlilalclkldlh+61? gbhlilalbl]’
=8 Gpal L 1Pl — 88 gpnl LI LIY, + 88 gpal L LI L 14T

Using (1.9), (3.17), (1.2b) and (1.3g) in (4.11), we get
(412) B,B, (U}kh = Ul = = Ulpli = Uil + UL Loy + %Uﬁllilalk)

+blm{[5jigkh -
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+[6Iicgjh - %&iyjlh - %6;:lyjlk - 51?.9jhlila + 6Ilclyjlilalh + 6}[11yjlilalk]}-
Since the torsion tensor Ujik is given by (2.2) and in view of (2.2), (1.3a) and (1.3¢), the eq. (4.12) can be written
as
(413)  BuBi(Ujn — Ufinl'la) = [aimUjen + bim (8] gien. = 8]
—lamUien + blm(5jigkh - 6licgjh)]lila-
Thus, we conclude
Theorem 4.3. /f the projection of the tensor (U}kh - Uj‘}(hlila) on indicatrix is generalized birecurrent, then the
space is G(BU) — BRE,,.
Remark 4.1. /n G(BU) — BRE,, the projection of the jikh on indicatrix is generalized birecurrent, if and only if
Ujien! i, is generalized birecurrent.
Let us consider a Finsler space F, which the projection of the Douglas tensor Djikhon indicatrix is generalized
birecurrent i.e. characterized by (2.11). Using (1.18) in (2.11), we get
(4.14) BmBngcthh}Jhlcchg = [@mDpca + Mim(Op Gea + 68 gbd)]hfzh}’hihg
Using (1.19) in (5.14), we get
(415)  BuBu{Dfa (8L — 1)) — 1PLY(SE — 1L (88 — 191,)}
= aym{Dfea (84 = 1'1)(8) = 1L (8F = 1L (S5 — 191)}
1 (6] gea + 8} 95a) (85 = 1) @EF = 1PL)(8F = 1U0,) (8 — 10},
In view of (4.15), using (1.3€), we get
(416)  BuBi(Dfin = Dfknl'la) = [@mDjin + Num (6} gicn = Sigjn)]
—lamDjien, + Ulm((sj'igkh - 6licgjh)]lila-
Thus, we conclude
Theorem 4.4. If the projection of the tensor (D]‘:kh - Dj‘}{hlila) on indicatrix Is generalized birecurrent, then the
space is G(BU) — BRE,.
Corollary 4.2. /n G(BU) — BRE, the projection of the D]-ikh on indicatrix is birecurrent, if and only if D]-‘}chlila is

generalized birecurrent.

V. Conclusion
We studied different tensors which satisfy the generalized birecurrent property in Berwald sense. The necessary and

sufficient conditions for the Douglas tensor [1- - to be generalized birecurrent have been obtained. Also, we discussed
the projection on indicatrix in sense of Berwald for some tensors which behave as generalized birecurrent in G(BU) —
BRE,.
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