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Abstract: The main purpose of this article is to show how the concepts, definitions  and results in linear 

algebra are used in solving some problems given in chapters. 
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I. INTRODUCTION 

Preliminary: 

A transformation on a set A is a function �: � → � that is one-to-one and onto. 

�(�) = �� + �, where �, � ��� �� � ���ℎ � ≠ 0 is a General linear transformation. 

Bilinear Transformation 

Definition-Definition 1. If a, b, c, d are complex constants then the transformation 

� = �(�) =
�� + �

�� + �
 

Where  

�
�    �

�       �
� = �� − �� ≠ 0 

 is called a Bilinear Transformation or Mobius Transformation or linear fractional transformation. The expression 

�� − �� is called the determinant of the transformation. 

 

Properties: 

P 1   The identity mapping � = � is a bilinear transformation. 

Since � = � =
�.�� �

�.�� �
 

This is obviously a bilinear transformation. 

P 2    The composition of two bilinear transformations is again a bilinear transformation. 

P 3    The inverse of a bilinear transformation is also a bilinear transformation. 

� =
�� + �

�� + �
 

 

be a bilinear transformation. Solving for � we obtain from above 

  

� =
−�� + �

�� − �
 

 

where the determinant of the transformation is �� − ��  which is not zero. Thus the inverse of a bilinear transformation 

is also a bilinear transformation. 

P  4  The associative law for composition of bilinear transformation holds. 

P  5 The bilinear transformations are not commutative under composition. 
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Example:  

Consider the bilinear transformations 

  

��(�) =
�� �

�� �
          ��(�) =

�� �

�� �
 

 

����(�) = �����(�)� = �� �
� − 1

� − 2
� 

�� �

�� �
− 3

�� �

�� �
+ 1

 

                                                                         =
� ��� �

��� �
………..1 

Now   

����(�) = �����(�)� = �� �
� − 3

� + 1
� 

=

�� �

�� �
− 1

�� �

�� �
− 2

 

                                                                              =
� �

� �� �
…………2 

From 1&2 we see that 

����(�) ≠ ����(�) 

This shows that bilinear transformation do not satisfy the commutative property.  

Bilinear Transformation when mapping points are given:  

 

Example: 

 Find the bilinear transformation which maps the points �� = 2, �� = �, �� = −2 into the points �� = 1,  �� = �, �� =

−1 respectively. 

We know that the bilinear transformation is given by 

� =
��� �

��� �
 , �ℎ��� �� − �� ≠ 0 

But here we find required transformation by cross ratio as 
(� � � �)(� �� � �)

(� �� � �)(� �� � )
 = 

(�� ��)(��� ��)

(��� ��)(��� �)
 

 
(� � �)(�� (� �))

(�� �)(� �� � ))
 = 

(�� �)(�� (� �))

(�� �)(� �� �)
 

(� � �)(�� �)

(�� �)(� �� � ))
 = 

(�� �)(�� �)

(�� �)(� �� �)
 

 
(� � �)(�� �)

(�� �)(� �� � ))
 = 

(�� �)(�� �)

(�� �)(� �� �)
 

 

Solve this for �, the bilinear transformation is 

� =  
(−1 − 3�)� + (2 + 6�)

(1 + 3�)� + (18 − 6�)
 

Theorem 6. Every bilinear transformation maps circles and lines into circles and line 

Proof. Let    

� = �(�) =
��� �

��� �
 , �� − �� ≠ 0 be a linear transformation. 
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If � = 0 then 

�(�) =
�� + �

�
=  

�

�
� +

�

�
 

= �� + � , � ℎ��� � =
�

�
 ��� � =

�

�
 

Clearly�� + � , being linear, maps circles and lines into circles and lines. 

If � ≠ 0, then 

�(�) =

�

�
(�� + �) −

��

�
+ �

�� + �
 

=  
�

�
+

�� − ��

��
∗

1

� + � �⁄
 

Assigning 

�� = � + � �, �� =
1

��
, �� =

�� − ��

��
 ��  �  

We obtain �(�) =  
�

�
+ ��, It is clear that the above transformations are of the form 

�� = � + �, �� =
1

�
,          �� = �� 

Thus, a bilinear transformation maps circles and lines into circles. This proves the theorem. 

Example: 

 Show that the transformation � =
��� �

�� �
 maps the circle �� + �� − 4� = 0 onto the line 4� + 3 = 0. 

Solution. Given transformation is a bilinear transformation. The inverse transformation of a given transformation 

� =
��� �

�� �
 is  

� =
4� + 3

� − 2
 

The equation of given circle is �� + �� − 4� = 0 

�.�.|�|� − 4��� = 0 

                                                    �.�.�� ̅-2(� + �)̅ = 0 

Putting the value of z in this equation and note it � + �� 
4� + 3

� − 2
.
4�� + 3

�� − 2
− 2 �

4� + 3

� − 2
+

4�� + 3

�� − 2
� = 0 

(4� + 3)(4�� + 3) − 2(�� − 2)(4� + 3) − 2(� − 2)(4�� + 3)

(� − 2)(�� − 2)
= 0 

22� + 22�� + 33 = 0 

2� + 2�� + 3 = 0 

2(� + ��) + 3 = 0 

                                                            4� + 3 = 0                      ����� � + ��  = 2� 

Is the required line. 

Example: Find the mapping of x-axis under the transformation � =
�� �

�� �
 onto the w-plane. 

Since � =
�� �

�� �
  

� + �� =
� − � − ��

� + � + ��
 

� + �� =
−� − �(� − 1)

� + �(� + 1)
.
� − �(� + 1)

� − �(� + 1)
 

=  
−�� + 2�� − �� + 1

�� + (� + 1)�
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Equating real and imaginary parts, we get 

 � =
−�� − �� + 1

�� + (� + 1)�
 

and  

� =  
2�

�� + (� + 1)�
 

to get the mapping of x-axis, put y=0 in above values of u and v then  

� =
−�� + 1

�� + 1
    ���  � =  

2�

�� + 1
 

To get the relation in u and v we have to eliminate x, 

         ��� + � = −�� + 1 

          �.�.��(1 + �) = 1 − � 

�.�.   �� =  
1 − �

1 + �
 

Now put the value of � �� � =  
��

��� �
                            

� =  
��

�� �

�� �

 
�� �

�� �
� �

=  � (1 − �)(1 + �) = � (1 − ��)  

∴  �.�.   �� = 1 − �� 

∴   �� +  �� = 1 represents a circle whose centre is(0, 0)and radius is1. 

 

Example: Show that the line � = 3� is mapped on to the circle under the bilinear transformation  

� =
�� + 2

4� + �
 

Find the centre and radius of the image circle. 

� =
��� �

��� �
 is given bilinear transformation. The inverse transformation of this is given by  

� =
−�� + 2

4� − �
 

Putting � = � + �� ��� � = � + �� we get 

� + �� =
−�(� + ��) + 2

4(� + ��) − �
 

� + �� =
(� + 2) − ��

4� + �(4� − 1)
 

=
(� + 2) − ��

4� + �(4� − 1)
∗

4� − �(4� − 1)

4� − �(4� − 1)
 

=
[(� + 2) − ��][4� − �(4� − 1)]

16�� + (4� − 1)�
 

=
9� − �(4�� + 4�� + 7� − 2)

16�� + (4� − 1)�
 

Comparing real and imaginary parts we get 

 � =
��

����� (��� �)�                 � = −
(���� ���� ��� �)

����� (��� �)�  

Putting these values of � ��� � �� ��������  

� = 3� 

9�

16�� + (4� − 1)�
= −3

(4�� + 4�� + 7� − 2)

16�� + (4� − 1)�
 

�� + �� +
3

4
� +

7

4
� −

1

2
= 0 
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Which represents a circle with centre at �−

�

�
, −

�

�
� and radius is 

�√��

�
. 

 

II. CONCLUSION 

Practicing, solving problems in mathematics can lead to emotional benefits such as increased confidence, a sense of 

achievement, intellectual stimulation, stress reduction and the potential for enjoyment and fun. These emotional 

rewards can further motivate and inspire to continue engaging with mathematics and appreciate its value beyond its 

practical applications. 
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