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Abstract: In this paper, the stabilization problem for a class of uncertain second-order jerk chaotic control 

systems is investigated. Combining differential and integral inequalities with nonlinear theory, we intend to 

construct a robust adaptive controller to promote a class of uncertain second-order jerk chaotic control 

systems to achieve the goal of adaptive stability. Finally, an example will be provided to illustrate the 

design process of the adaptive controller, and some numerical simulation results will be offered to 

demonstrate the correctness and effectiveness of the main result.  
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I. INTRODUCTION 

As we know, the chaotic control system is a nonlinear system, so the design of its controller is often more complicated 

and difficult to obtain than the linear control system. On the other hand, real physical systems contain more or less 

uncertain items, and these uncertain items may be incomplete system models, parameter disturbances or unidentified 

noise. However, physical systems containing the above uncertain factors significantly increase the difficulty in stability 

analysis and controller design. Due to the above factors, our group is prompted to conduct analysis and controller 

design for a class of uncertain chaotic control systems. 

In recent years, various types of uncertain nonlinear systems have been analyzed and discussed; especially in the design 

of controllers, as of today, many methods of controller design have been developed, such as adaptive neural network 

control framework, sliding mode control approach, adaptive fuzzy control scheme , adaptive sliding mode control 

approach, adaptive control approach, adaptive state-quantized control approach, backstepping control approach, and 

others; see, for example, [1]-[13] and the references therein. This paper intends to design an adaptive controller for a 

class of uncertain jerk chaotic control systems, so that the entire system can achieve the goal of global asymptotic 

stability. 

 

II. PROBLEM FORMULATION AND MAIN RESULTS 

Symbol Description 

n  the n-dimensional real space 

a  the modulus of a complex number a 
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I  the unit matrix 

TA the transport of the matrix A 

x the Euclidean norm of the vector x
n  

)(A  the spectrum of the matrix A 

0P  the matrix P is a symmetric positive definite matrix 

This paper considers the following nonlinear jerk chaotic control systems with multiple uncertainties 

 21 xx  , (1a) 

       0,,cos 213
3
12212  tuxxfwtqxqxqx  , (1b) 

where   12
21


T

xxx  is the state vector, u  is the input,  21, xxf  indicates the mixed uncertainties 

(parameter mismatchings, external noise, and unknown nonlinearities), and  u  indicates the uncertain input 

nonlinearity. To ensure the existence of the solution of (1), we assume that the uncertain terms  21, xxf  and  u  

are smooth functions. From past literature of [14]-[16], the system (1) without any uncertainties (i.e., 

    0, 21  uxxf  ) is the famous jerk chaotic system under certain values of the parameters. In this paper, 

motivated by differential and integral inequalities with nonlinear theory, a robust adaptive controller will be constructed 

to enable the entire closed-loop control system of (1) to achieve global asymptotic stability.  

The following assumption is made regarding the uncertain terms  21, xxf  and  u  of the uncertain nonlinear 

systems of (1). 

(A1) There exist continuous functions   0, 21 xxgi , unknown nonnegtive numbers i , and positive number 1r , 

such that, for all arguments, 

   



s

i
ii xxgxxf

1
2121 ,,  , for some Ns  and 

  2
1uruu   . 

 

The definition of robust adaptive stabilization is introduced below, which will be used in subsequent main results. 

 

Definition 1: The uncertain nonlinear systems (1) with (A1) are said to realize the robust adaptive stabilization, 

provided that, there exist a control u  such that the state trajectory satisfies  

  0lim 


tx
t

. 

Now we put forward the main result regarding the robust adaptive stabilization of uncertain nonlinear systems of (1). 
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Theorem 1. The uncertain nonlinear systems (1) with (A1) are robust adaptive stabilization under the following control  

      2213 xpxptrtu  , (2) 

    

  













1
4

4
:

222131

2

t

a
xpxpthr

th
tr , (3) 

        



s

i
ii xxgtbxxwtqxqxqth

1
2121

2
3

3
1221 ,2cos:  , (4) 

      sixxgxpxptb ii ,,3,2,1,, 212213   , (5) 

where 0:
23

31 









pp

pp
P  is the unique solution to the following Lyapunov equation 

 IPP

T

2
2

10

2

10
22





















 
, (6) 

with 0  and 0a . 

 

Proof. From (1), the state equation is given by 

  

   ,0,2cos

2cos
1

0

2

10

21
2

3
3
1221

21
2

3
3
1221

2

























txxwtqxqxqfBAx

xxwtqxqxqf

xx








 

where 











 2

10
:

2
A  and 










1

0
:B . Clearly, one has     A , which implies A  is Hurwitz and the 

Lyapunov equation of (6) has the unique posive definite solution P. Let  

          



s

i
ii

T tbtPxtxtxV
1

2 . (7) 

The derivative of   txV  with respect to time along the trajectories of uncertain nonlinear systems (1) with (2)-(7) is 

given by 

         

  21
2

3
3
12211

1

2cos2

2

xxwtqxxqxqfPBx

tbtbxPAPAxtxV

T

s

i
iii

TT







 



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    

   



















s

i
ii

T

s

i
iii

TT

xxgxxwtqxqxqPBx

tbtbPBxxx

1
2121

2
3

3
1221

1

,2cos2

222



 

 

    

   



















s

i
ii

T

s

i
iii

TTT

xxgxxwtqxqxqPBx

tbxxgPBxPBxxx

1
2121

2
3

3
1221

1
21

,2cos2

,222





 

     














s

i
ii

T

TT

xxgtbxxwtqxqxqPBx

PBxxx

1
2121

2
3

3
1221 ,2cos2

22





 

  PBxthPBxxx TTT  222   

  PBxhu
r

xx TT 







 2

2
2   

    PBxhur
r

tx T







 2

2
2 2

1

2
 

  PBxhPBxrrtx TT  222
2

1

2
 

  2213

2

22131

2
222 xpxphxpxprrtx   

 
 

 
2213

222131

2

2213
2

12
2

1
4

8
2 xpxph

t

a
xpxpthr

xpxpthr
tx 














  

 
  


























1
4

1
2

2

222131

22213
2

t

a
xpxpthr

t

a
xpxph

tx  

 
  

 
.0,

1
4

1
4

2

1
2

222131

222131

1

2


































 t

t

a
xpxpthr

t

a
xpxpthr

r
tx  

By the inequality 

,0, 









xxz

zy

yz
x  ,0y  and 0z . 
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It can be deduced that 

      .0,
12

1
2

2
1

2


















 t

t

a

r
txtxV   

It results that 

    






















14

1

2 2
1

2

t

a

r

txV
tx


 

    

        
11

0

2
100

2

82

0

822

0

14

1

2

r

axV

r

axVxV

dt
t

a

r
dt

txV
dttx



























 

 

 

As a result, we conclude that   0lim 


tx
t

, in view of   2Ltx  . The proof is thus completed.  □ 

Remark 1. The following provides a design procedure for obtaining the robust adaptive controller of (2). 

INPUT: the uncertain jerk chaotic control systems (1). 

OUPUT: the robust adaptive control of (2). 

Step 1: Choose    sixxgs i ,,3,2,1,,, 21  , and 1r  such that (A1) is satisfied. 

Step 2: Calculate P, 2p , and 3p , from (6). 

Step 3: Form  th  and    sitbi ,,3,2,1,   , from (4) and (5). 

Step 4: Choose a  and form  tr  from (3). 

Step 5: OUPUT      2213 xpxptrtu  . 

 

III. NUMERICAL EXAMPLE 

Consider the following uncertain jerk chaotic control systems with uncertain input nonlinearities: 

 21 xx  , (8a) 

       0,,cos 213
3
12212  tuxxfwtqxqxqx  , (8b) 

where 

06.01 q , 12 q , 53 q , 1w , 

    32
221 ,, ucubuxaxxf   , 

,0,41,  cba   

and   is an unknown constant. This example intends to design a suitable controller such that the uncertain nonlinear 

systems (8) realize the robust adaptive stabilization. 
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Step 1: The condition (A1) is clearly satisfied if we choose 

   2
2211 ,,1 xxxgs  , 11 r . 

Step 2: From (6) and selecting 2 , we have  

 25.0,31.0,
31.025.0

25.025.2
32 








 ppP . 

Step 3: From (4) and (5), it can be readily obtained that 

     2
2121

3
12 44cos506.0: xtbxxtxxth  , (9) 

    txxxtb 2
2211 31.025.0  . (10) 

Step 4: From (3) and selecting 1a , one has 

    

  













1

1
31.025.04

4
:

221

2

t
xxth

th
tr . (11) 

Step 5:  The suitable controller, given by (2), can be calculated as 

      21 31.025.0 xxtrtu  . (12) 

Therefore, by Theorem 1, we conclude that uncertain nonlinear systems (8) subjected to the control (12) with (9)-(11) 

are globally asymptotically stable. The typical state trajectories of uncontrolled and feedback-controlled are depicted in 

Figure 1 and 2, respectively. Besides, the signals of input and adaptive gain are depicted in Figure 3 and 4, respectively. 

From the observation of the aforementioned simulation results, it can be seen that the uncertain nonlinear systems of (8) 

indeed achieves the robust adaptive stabilization under the control law of (12) with (9)-(11). 

 

IV. CONCLUSION 

In this paper, the stabilization problem for a class of uncertain second-order jerk chaotic control systems has been 

investigated. Combining differential and integral inequalities with nonlinear theory, a robust adaptive controller has 

been designed to render a class of uncertain second-order jerk chaotic control systems to achieve the goal of adaptive 

stability. Finally, an example has been provided to illustrate the design process of the adaptive controller and some 

numerical simulation results have also been offered to demonstrate the correctness and feasibility of the main result. 
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Figure 1: Typical state trajectories of the uncontrolled system of the illustrative example. 

 

Figure 2: Typical state trajectories of the feedback-controlled system of the illustrative example. 
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Figure 3: Control signal of the illustrative example. 

 

Figure 4: The signal of adaptive gain. 
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