(/ IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJ ARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal
Impact Factor: 7.53 Volume 4, Issue 2, February 2024

Robust Stabilization of Uncertain Jerk Chaotic

Control Systems with Mixed Uncertainties

Yeong-Jeu Sun', Ting-Chia Chang *, Sheng-Chieh Chen’
Sheng-Wei Huang *, Yu-Chi Ho °, Wei-Chun Liao®
Professor, Department of Electrical Engineering’

Students, Department of Electrical Engineering™**>

I-Shou University, Kaohsiung, Taiwan

Abstract: In this paper, the problem of robust stabilizability of jerk chaotic control systems with mixed
uncertainties is investigated. Combining robust control theory and differential-integral inequalities, a
nonlinear controller will be derived and guaranteed to achieve the goal of practical stabilization. Besides,
both the convergence radius and the exponential convergence rate can be specified in advance. Finally,
some numerical simulation results are supplemented to demonstrate the correctness and effectiveness of the
main result
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L. INTRODUCTION

In recent years, there have been many related studies on chaotic systems; see, for example, [1]-[12] and the references
therein. The concept of practical stabilization has been first proposed in [7] and has been proven to be very effective in
chaos suppression. Since the controller design of practical stabilization meets the requirements of both the transient
response and the steady-state response of the system, it is indeed very effective in the design of controllers for chaotic
systems.

As we know, it is not an easy task to find a controller that can simultaneously overcome input nonlinearities and mixed
uncertainties and suppress chaotic oscillations. Furthermore, a control system that can achieve any specified
convergence radius and any specified exponential convergence rate at the same time has always been a dream goal of
control engineers. To be fair, finding a controller that enables a closed-loop control system to achieve high-quality
transient response and excellent steady-state response is definitely the dream of most control engineers, and it is also a
task that is not easy to achieve.

Motivated by the concept of practical stabilization, this paper intends to design a controller for a class of uncertain
chaotic control system with multiple uncertainties, so that the closed-loop system can simultaneously achieve the pre-
specified convergence radius and exponential convergence rate. Throughout this paper, some symbols are defined as

follows:

|a| the modulus of a complex number a

1 the unit matrix

A" the transport of the matrix A

"x" the Euclidean norm of the vector X € R"

Ain (A) the minimum eigenvalue of the matrix 4 with real eigenvalues
o(A4) the spectrum of the matrix 4

II. PROBLEM FORMULATION AND MAIN RESULT
In this paper, we explore the well-known second-order uncertain jerk chaotic control systems with mixed uncertainties
[2] described as
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#(t)= quplt)+ 4,0 (¢) + g; cos(we) + Af (. y) + Aglu), V1 2 0.
The state variable expression of the above dynamic system is as follows:

i(0)=x00). ()

%, ()= q,x,(£) + 4,5 (£) + g5 cos(we )+ Af (x, (), x, (¢)) + Ag(u(t)), V£ > 0, (1b)
where x(t) = [x1 (t) X, (t)]T e N> is the state vector, u(t) €N is the input, Af (xl (t), X, (t)) means the mixed
uncertainties (parameter mismatchings and external excitations), and A¢(u(t )) means the unknown input nonlinearity.

To ensure the existence of the solutions of (1), we assume that the unknown terms Af (xl,xz) and A¢(u) are all
continuous functions. It is worth mentioning that system (1) exhibits chaotic behavior for certain parameter values
when there are no uncertain terms (i.e., Af (xl,xz)z A¢(u ) =0) [2]. In this paper, we hope to design a controller

that can not only overcome input nonlinearities, mixed uncertainties, and chaotic vibrations at the same time, but also
achieve the goals of any specified convergence radius and any specified exponential convergence rate.

For the uncertain terms Af’ (xl , xz) and A¢(u) , we make the following assumption:

(A1)  There exist continuous function f (xl » X, ) 2 0 and positive number 7 such that, for all arguments,
|Af(x1ale < f(xlax2)=

- Ap(u)> ru’.

A precise definition of the practical stabilization is presented below.

Definition 1 [7]: The uncertain system (1) is said to achieve the practical stabilization, provided that, for any o >0

and & > 0, there exists a control # = u(a , 8) such that the state trajectory satisfies
||x(t)|| <k-e“+eg Vt=20,

for some & > 0 . In this situation, the positive number & is called the convergence radius and the positive number &
is called the exponential convergence rate. In other words, practical stabilization means that the state of system (1) can
converge to the equilibrium point at x = 0, with any prespecified convergence radius and exponential convergence
rate. There is no doubt that the control system with small convergence radius and large exponential convergence rate
has better steady-state response and transient response.

Now we put forward the main result for the practical stabilization of uncertain systems of (1).
Theorem 1. The uncertain systems (1) with (A1) are practical stabilization under the following control

”(t):_ (Z)‘(p3x1 +p2x2), ()

(o) 0

’i'h(t)'|p3x1 +p2x2|+a-rl & '/Imin(P)

) )

h(t):z

P D3
Ps P

4%, + q,% + g, cos(wr )+ (@ + 1) x, + 2(a + l)xz‘ + fx,x,). @

where P = [ } > 0 is the unique solution to the following Lyapunov equation

“ : TP+P “ : =-2/ 5
—(05+1)2 -a-2 —(05+1)2 —a-2| - ©

with € >0 and « > 0. In this situation, the guaranteed convergence radius and exponential convergence rate are &
and « , respectively.
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Proof. From (1)-(5), the state equation of the entire closed-loop control system can be expressed as

= {— (a0+ 1y - 2015 - 2}6

0
+ { } : [A¢ + Af +qx, + ¢, + gy cos(wt )+ (@ + 1) x, + (2a + 2)x, ]

1
= Ax+B- [A¢+ Af +qx, + q,X +q, cos(wt)+ (a +11x, +(Q2a +2)x, l Vit=0,
here A:= 0 ) ! and B:= 0 . Apparently, one has o(A)=1{—a —1j, which implies
N ~(a+1} -2a-2 1

A+ al is Hurwitz and the Lyapunov equation of (5) has the unique posive definite solution P. Let
V(x(t))=x"(t)Px(t). (6)
The time derivative of 7 (x(¢)) along the trajectories of the system (1) with (2)-(5) can be derived as
V(x(e)= x"[4"P+ P4] x
+2x"PB- [Agﬁ +Af +q,x, +¢,X +q, cos(wt)+ (a + 1)2 X + (2a + 2)x2 ]
<x"[-2aP-2I] x+2x"PB-A¢
+2x" P3|

4%, +q,x; +q; cos(wt)+ (e + 1) x, +(2a + 2)x2‘ + f]

< —2ax" Px+2x" PB- Ag+ 2h(t)- [x" PB]

= —20x" Px— (gj (u-Ag)+2h-x"PB
r

< 2alV - (gj . (rlu2 )+ 2h -‘xTPB‘
r
=2aV -2r-r- ‘XTPB‘Z +2h- ‘xTPB‘
= 2aV -2, 'l”'|p3x1 +p2x2|2 +2h.|p3x1 +p2x2|

2r, ‘|p3x1 + P2x2|2 e

e 2h-
o rl'h'|p3xl+p2x2|+a'7i'52'/1mjn(P)+ |p3xl+p2x2
=2aV + 2h’|p3xl+p2xz|‘a'7’1'$2~/1m(P)
i he|py + poxs| e ri & A (P)
— 2av+| 2 rl'h'|p3x1+szz|'0"r1'822°/1m(1’), V0. (1)
nLn b+ Pl a8 2, (P)

Combining the inequality

x( b ]sz, Vx>0, y>0,and z>0
y+z

and (7), we can obtain

V(x(t)< 2aV (x(t))+2a-6*- A, (P), V0. /
Zg 2581-9429 %3 542
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It results that

&V (x(0)+ 20 V(x(0) <205 Ay (P)-
= d[ez‘”-—V(x(l))]S 20 - &% '/Imin(P)' 2at

dt ‘
— V( ( j [ N V ))] gj.2a.gz “Ain (P)-ezmdt
0 0
=t A, (P): (ezw —1), Viz0.  @®

It can be readily obtained that

hos (P RO < V(x0) < e[ (x(0)— &2 - Ay (P 67 - 40 (P). W 120,

‘min

in view of (6) and (8). Consequently, we conclude that

s fooe [P0 0 O],

min
2
. Je-m.{wx(o»w -zm@)} =
//Lmin (P)
V(x(0)+&*-2..(P)|

) ECOTN)
Thus the proof is completed. mi
Remark 1.
We provide a procedure to find the robust control law stated in Theorem 1.
INPUT: The uncertain jerk chaotic control systems (1), the pre-specified exponential decay rate ¢ , and the
pre-specified convergence radius & .
OUPUT: Robust control of (2).
Step one. Choose f (xl ,xz) and 7, (xl ,xz) such that (A1) is satisfied.
Step two. Calculate P, A_ (P), p,.and p;, from (5).
Step three. Form h(l‘ ) from (4).
Step four. Form r(t) from (3).
Step five. OUPUT u(l)z —r(l)~ (p3x1 + pzxz).

II1. NUMERICAL EXAMPLE
Consider the following jerk chaotic control systems with mixed uncertainties:

X, =X, (9a)
X, = 4%, + 4,% + g, cos(wt)+ Af(xl,x2)+ A¢(u), Vt>0, (9b)
where
q,=-0.06,q9,=-1,9,=5, w=1,
Af(x,x,)=Aa-x2, Ap(u)=Ab-u+Ac-u’,
—1<Aa<]l, 1<AbLS5, Ac>0.

i/ 1ssN
5| 2581-9429 |5
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In this example, our goal is to design a feedback control such that the uncertain system (9) the practical stabilization
with the exponential convergence rate & = 2 and the convergence radius £ =0.1.
Step one. When we choose [ (xl,xz) = x§ and 7, = 1, obviously condition (A1) will be satisfied.
Step two. From (5), we have
49 11

P=l1, 5} A (P)=0.51, p,=3, p,=11.
Step three. From (4), it is easy to deduce that

h(t)= |— 0.06x, — X +5c0st +9x, + 6x,|+ x5 .
Step four. From (3), we have

)= °(t) |

h(t)- |l 1x, +3x,|+0.0102

Step five. The robust controller, from (2), can be obtained as

u(t)=—r(t)-(11x, +3x,). (10)

Therefore, according to Theorem 1, we conclude that system (9) with the control (10) is practically stable, with the

exponential convergence rate & =2 and the guaranteed convergence radius & = 0.1 .Typical state trajectories of
uncontrolled and controlled systems are shown in Figure 1 and 2, respectively. In addition, the time response of the
control signal is shown in Figure 3. It can be seen from the above simulation results that the uncertain dynamic systems
(9) combined with the controller (10) can indeed achieve practical stabilization.

IV. CONCLUSION
In this paper, the problem of robust stabilizability of jerk chaotic control systems with mixed uncertainties has been
investigated. Combining robust control theory and differential-integral inequalities, a nonlinear controller has been
derived and guaranteed to achieve the goal of practical stabilization. Besides, both the convergence radius and the
exponential convergence rate can be specified in advance. Finally, some numerical simulation results have been
supplemented to illustrate the effectiveness and correctness of the obtained results.
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Figure 1: Typical state trajectories of the uncontrolled system of (9).
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Figure 2: Typical state trajectories of the feedback-controlled system of (9) with (10).

400

350 - :

300 B

250 H :

u(t)
N
3

150 :

100 :

50 :

0 | | | | Il |
0 0.5 1 1.5 2 2.5 3 3.5 4

t (sec)

Figure 3: The time response of the control signal.
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