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Abstract: Fractional calculus, a captivating extension of traditional calculus, empowers us to explore
differentiation and integration beyond the realm of whole numbers. This mathematical framework allows
us to delve into the fascinating world of non-integer orders, unlocking new possibilities for
understanding complex biological systems. In this article the various applications of Fractional calculus
in biological tissues, Cartilage mechanics, Bone mechanics and Cell growth are given. Fractional
calculus provides the mathematical language to describe such systems, allowing us to unravel the
secrets of their intricate dynamics.

Furthermore, fractional calculus sheds light on the memory effects associated with enzyme kinetics,
demonstrating how past interactions shape the present behaviour of these crucial biological catalysts.
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L. INTRODUCTION
Fractional calculus, an advanced mathematical framework that extends traditional calculus to include derivatives and
integrals of non-integer order, has found increasing applications in the field of biology. Unlike classical differential
equations, which assume instantaneous interactions and memoryless processes, fractional differential equations (FDEs)
provide a more accurate representation of systems that exhibit memory effects, hereditary properties, and complex
temporal dynamics. Biological systems, ranging from cellular transport to neural activity and epidemiological models,
often involve processes where past states influence current behaviour.
One of the primary applications of fractional calculus in biology is in modelling anomalous diffusion in complex
biological environments. Traditional diffusion processes follow Brownian motion and are well described by integer-
order differential equations. However, many biological systems exhibit deviations from this classical behaviour, leading
to either sub-diffusion (slower than normal diffusion) or super-diffusion (faster than normal diffusion). For instance, the
movement of molecules within the crowded intracellular environment often follows sub-diffusive behaviour due to
obstacles such as organelles and macromolecules, which hinder free motion. On the other hand, certain active transport
processes, such as the movement of proteins along microtubules driven by molecular motors, show super-diffusive
characteristics.
Another application of fractional calculus is in population dynamics and epidemiology, where traditional models, such
as the logistic growth equation and the classical Susceptible-Infected-Recovered (SIR) model, often fail to account for
memory-dependent interactions. For example, fractional SIR models have been used to analyse the spread of diseases
like COVID-19, where individuals' past exposure influences their susceptibility and recovery rates. The fractional
approach also helps in understanding how control measures, such as vaccination and quarantine, influence disease
dynamics over time, providing more realistic assessments compared to classical integer-order models.
What is Fractional Calculus?
Fractional Calculus is a branch of mathematics that extends the concepts of differentiation and integration to non-
integer orders. Fractional Calculus allows us to model systems that have memory and long term dependencies. This
makes is very useful in biological studies, where many processes depend on past events. For example, the way
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molecules move inside a cell, the spread of diseases in population, and how biological tissues respond to stress overtime
are all influenced by previous states.

Fractional Calculus is highly useful in biological models because it helps to describe complex systems that have
memory, long-term dependencies and non —local interactions. In traditional calculus changes occur at fixed rate, but in
biological system, processes often depend on past states and evolve in non -uniform manner.

Fractional Calculus provides better mathematical framework to capture these characteristics, making models more
realistic and accurate.

Applications of fractional calculus in biology

Fractional calculus in biological tissues

A fractional order model is commonly used to describe the behaviour of neural systems. A simple example is the
vestibular-oculomotor system modelled by Anastasio in the Laplace domain as or where the occurrence of behaviour in
the transfer functions for the neural components of vestibule-oculomotor systems suggests that its putative role in
sensory adaptation reflects a need to control or monitor the underlying biological, physical, or chemical mechanisms.
The occurrence of power law transient and dynamic behaviour in non-living systems (dielectrics, viscoelastic materials,
and electrochemical reactions) implies that the fundamental mechanism is not unique to the anatomical structure or
neurological connections of living systems, but most likely reflects diffusion and spatially distributed processes. Thus,
the subthreshold behaviour of axons, which mimic at their most basic level lossy transmission lines with fractional
impedance relationships, could play a role in understanding synapse complexity, dendritic convergence and generator
potential initiation. For example, the convergence of unmyelinated afferent and efferent nerve fibres in the vestibular
neuro epithelium has been suggested as an anatomical site where summation of excitatory and inhibitory postsynaptic
potentials can occur.

The complex, multiscale neural pathways (hair cells, axons, synapses, neurons) in the vestibular apparatus of the inner
ear.

Physiological models describe events both at the molecular level (ion transport, gas diffusion, vesicle formation) and at
the organ level (blood clearance, oxygen uptake/gram tissue, muscle tension). As a consequence, much current work in
biophysics and physiology is directed at interconnecting molecular process with accurate models of organ (brain, heart,
and muscle) function by developing new models that span the intermediate levels of structure between the centimetre
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dimensions of gross anatomy and the submicron resolution of histology. In building multiscale models one can try
either to employ as much anatomical and histological knowledge as possible—building a highly complex structure with
hundreds of components (organelles, membranes, cells, extracellular matrix, etc.) or to deal empirically with the
complexity by defining probabilistic, chaotic or fractal measures (fractal dimensions, Lyapunov exponents, non-
Gaussian probability distributions) that capture important features of the observed behaviour.

FRACTIONAL CALCULUS IN CARTILAGE MECHANICS

Cartilage is a soft, viscoelastic tissue that cushions joints and absorbs mechanical shocks. It does not behave like a
simple elastic material but instead exhibits time-dependent deformation. When a force is applied to cartilage, its
response is influenced by both the current load and past deformations, making traditional viscoelastic models, such as
the Maxwell and Kelvin-Voigt models, insufficient in capturing its full behavior.

Fractional calculus helps describe cartilage mechanics by incorporating long-term memory effects. Fractional
viscoelastic models use fractional derivatives to represent how cartilage deforms and recovers over time. This is
particularly useful in studying osteoarthritis, where cartilage degradation occurs gradually. By applying fractional
differential equations, researchers can simulate the slow breakdown of cartilage under repeated stress, leading to better
predictions of joint degeneration and the effectiveness of treatments like artificial cartilage implants.

FRACTIONAL CALCULUS IN BONE MECHANICS

Bone is a complex composite material that behaves differently under various mechanical conditions. It exhibits elastic,
viscoelastic, and poroelastic properties, meaning it adapts to forces over time. Standard models often assume that bone
reacts instantly to stress, but in reality, bone undergoes slow adaptation and remodelling based on previous mechanical
loads. Fractional calculus provides a more flexible and accurate framework for modelling these long-term changes.

One key application of fractional calculus in bone mechanics is in bone remodelling, the continuous process by which
bone tissue adapts to mechanical stress. Since bone formation and resorption depend on past loading history, fractional
models can effectively predict bone density changes, fracture risks, and the long-term effects of weight-bearing
activities. Additionally, bone exhibits stress relaxation and creep behaviour, where it gradually deforms under sustained
loads. Fractional differential equations can describe these time-dependent changes more accurately than classical
models, leading to improved understanding of bone fractures and healing processes.

Another important aspect is the porous nature of bone, which affects fluid flow and nutrient transport. Fractional
calculus is used to model fluid dynamics within bone pores, helping in the study of bone healing, implant integration,
and osteoporosis treatments. By capturing the non-uniform and memory-dependent nature of fluid movement in bone,
fractional models improve simulations of how nutrients and medications diffuse through bone tissue.

FRACTIONAL CALCULUS IN CELL GROWTH

Cell growth is a fundamental biological process involving cell division, differentiation, and proliferation, influenced by
various genetic and environmental factors. Traditional mathematical models of cell growth often rely on integer-order
differential equations, such as the logistic growth model and exponential growth model, which assume that growth
dynamics are instantaneous and local. However, in real biological systems, cell growth exhibits memory effects, where
the rate of growth is influenced by past states of the system rather than just the current conditions. Fractional calculus,
which extends differentiation and integration to non-integer orders, provides a more accurate and flexible approach to
modeling these complex biological behaviours.

II. CONCLUSION
Fractional calculus has proven to be a valuable tool in biological modelling, offering a more accurate and flexible
approach to describing complex biological systems. Unlike classical integer-order models, fractional-order equations
account for memory effects, hereditary properties, and anomalous diffusion, making them particularly useful in fields
such as cardiovascular research, genetics, pharmacokinetics, neuroscience, and epidemiology. By incorporating

fractional dynamics, researchers can better understand biological processes like heart rate varlablhty, DNA structural
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behaviour, drug metabolism, and disease spread, leading to more precise diagnostics and improved therapeutic
strategies.

The ability of fractional models to capture long-range dependencies and non-local effects has led to significant
advancements in biomedical engineering, particularly in tissue engineering, bioinformatics, and medical imaging. These
models provide a deeper insight into physiological behaviours that cannot be adequately explained by classical
methods.

fractional calculus bridges the gap between theoretical mathematics and real-world biological applications, offering
innovative solutions to some of the most challenging problems in life sciences. Its growing adoption in biomedical
sciences highlights its potential to revolutionize the way biological systems are studied, modeled, and understood,
ultimately leading to more effective healthcare solutions and a deeper comprehension of the fundamental principles
governing life.
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