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Abstract: In this Paper, we have discussed a subclass TS (y, a, i, 1) of univalent functions with negative
coefficients related to fractional calclus operator in the unit disk U = {z € C:|z| < 1}. We obtain basic
properties like coefficient inequality, distortion and covering theorem, radii of starlikeness, convexity
and close-to-convexity, extreme points, Hadamard product, and closure theorems for functions
belonging to our class.
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L. INTRODUCTION
Let A denote the class of all functions u(z) of the form

u(z) =z+Yp2anz" (1
in the open unit disc U = {z € C: |z| < 1}. Let S be the subclass of A consisting of univalent functions and satisfy the
following usual normalization condition u(0) = u'(0) —1 = 0. We denote by S the subclass of A consisting of
functions u(z) which are all univalent in U. A function u € A is a starlike function of the order m,0 <m < 1, if it

satisfy

zur(z)
SR{TZ)} >m,z € U. )

We denote this class with S$*(m) .

A function u € A is a convex function of the order m, 0 < m < 1, if it satisfy

m{1+w}>m,zetu. 3)

w(z)

We denote this class with K (m).
Note that $*(0) = §* and K(0) = K are the usual classes of starlike and convex functions in U respectively.
Let T denote the class of functions analytic in U that are of the form

u@z)=z—-Yr,a,2" a,=20z€eU @))]
and let T*"(m) =T NS*(m), C(m) =T N K(m). The class T*(m) and allied classes possess some interesting
properties and have been extensively studied by Silverman [14] .
Many essentially equivalent definitions of fractional calculus have been given in the literature [15] . We state the
following definitions due to Owa and Srivastava which have been used rather frequently in the theory of analytic

functions.
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Definition 1.1: The fractional integral of order A is defined, for a function (z) , by

- 1 rz ()
D, lu(z) = T do G d¢, (A>0) 5)

and the fractional derivative of order u is defined, for a function u(z) , by

PIRPN S P (9
D}u(?) = i by e @S, (0<A<1) (6)

whereu(z) is an analytic function in a simply-connected region of the z-plane containing the origin, and the multiplicity
of (z—{)*! involved in (and that of (z— ¢)~* involved in is removed by requiring log(z — {) to be real when

(z—-0 >0.

Definition 1.2: Under the hypotheses of Definition 6.1.1.the fractional derivative of order n + A is defined by
DI*u(z) = 2o Du(z), (0<2<1;n€Ny=NU{0}). %)
With the aid of the above definitions, Owa and Srivastava defined the fractional operator 72 by

Jiu(z) =2 - Dz*Diu(z), (A #234,-)

=z+ Z ¢ (A n)a,z"
n=2
where
_ r+1re-a
pAn) = r(n-1+1) ®)
And
P22 =55 ©)

Now, by making use of the linear operator Ju, we define a new subclass of functions belonging to the class A.

Now, we define a new subclass of functions belonging to the class A.

Definition 1.3: For 0<y<10<a<10<pu<1 and 0<1<1, we let TS(y,a,u,A) be the subclass of u

consisting of functions of the form (6.4) and its geometrical condition satisfy
(7)) — v
| v (@) -222)

Z'U.Z
le@Ru)y + (1 -y

<u zeU

whereJ2, is given by (6.8)
2. Coefficient Inequality

In the following theorem, we obtain a necessary and sufficient condition for function to be in the class TS(y, a, u, 4).
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Theorem 2.1: Let the function u be defined by . Then u € TS(y, @, u, A) if and only if

Ln=2ly(n=1) +p(na +1-y)]p(n Da, < p(a + (1 -v)), (10)
where0 < u<1,0<y<10<a <1, and 0 <A < 1. Theresult (10)is sharp for the function
a+(1-
) =7 ua+ (1)) .

z,
[y(n =1 +u(na +1-y)]¢®n 1)
Proof. Suppose that the inequality holds true and |z| = 1. Then we obtain

1 ((J?u(z))' N J;Z(Z)N N

= |-r £ @ - Do ayz

Jiu(z)
)

a (J%u(z))'+ 1-v

—u|at A=) = T (at 1= D
n=2

< Yn=2ly(n = 1) +una + 1= p)]p(n, Day, —pa + (1 -v)
<0

Hence, by maximum modulus principle,u € TS(y, @, 4, A). Now assume that u € TS(y, a, 4, 1) so that

| v (@ -2

|a(azﬂu(z))' +(1-y) @ ”Z“(Z)

(v -2 <,

<u z€eU

Hence

A
a (Jz’lu(Z))' +(1-7) Iz LZL(Z)>‘.

Therefore, we get

|- £y - Doz

< u |a +(1-y)- gz(na +1-y)p(n, Va,z""1|.

Thus

D Ivt= 1)+ pa + 1= PIp(r ey < e+ (1 =7))
n=2

and this completes the proof.

Corollary 2.1: Let the function u € TS(y, a, u, 2).Then

ula+(1-y)) n
a, < z-,
™ 7 y(n-D)+u(na+1-y)]p(n,1)

n=2. (11)

3. Distortion and Covering Theorem:

We introduce the growth and distortion theorems for the functions in the class TS(y, @, u, 1)
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Theorem 3.1: Let the function u € TS(y, @, 4, 1). Then
pla+A-y)

2
zZ| — Z
= s e+ 1
< |u(2)|
a+(1-—
< |2+ ua+ (1 —-vy)) 2P
@Dy +ua+1-y)]
The result is sharp and attained
ula+ 1 —-y)) .
u(z) =z - z°.
¢ Dy +n2a+1-y)]
Proof.
@) = |z = 3 apz"| <121+ ) ay lal”
n=2 n=2
< |zl + |z|* ¥5=2 @n
By Theorem 2.1, we get
o p(a+(1-y))
Zi2 O S i aanip ot 12
Thus
pla+(1-y)) 2
uz)| <|z|+ z|“.
ML=+ 5o Dy +r@a+ 1-p] 7
Also

[e3)

@l = 12l = ) ay lal”

n=2
21zl = 12 ) @
n=2
wa+ (1 —-vy))
2 |z| |z]%.

P2y +uRa+1-7)]

Theorem 3.2: .Let u € TS(y, a, 4, 1). Then

2u(a+ (1 —vy)) , 2u(a+ (1 —v))
sy +ra+1-p] A= O S T G Ny F uGa+ 1= )]

|z

with equality for

2p(a+ (1 -v)) 2
u(z) =z - z°.
¢ Dly +u2a+1-y)]
Proof: Notice that
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PRIy +u2a+1-7)] ) nay

n=2
< Y nly—1)+utma+1-pnlpoa,
n=2
< ula+@-y),
from Theorem 3.1., Thus
lu'(z)| = |1 - Y na,z"?!
n=2

o0
<1+ Z na,|z|"?
n=2

0
< 1+|Z|Znan
n=2

2u(a+(-y))
<14 |z|—2M@r0y) 1
< 1+ 2 e D prncan) (13)

On the other hand

o0
@) =t - % nayzt
n=

00

=>1- Z na,|z|"?

n=2

o0
= 1—|Z|Znan
n=2

B 2u(a+(1-y)
2 1= 2l S D hrucariy] (14

Combining (13) and (14) , we get the result.
4. Radii of Starlikeness, Convexity and Close-to-Convexity:
In the following theorems, we obtain the radii of starlikeness, convexity and close-to-convexity for the class

TS(y,a, u, A).

Theorem 4.1: .Let u € TS(y, a, i, 1). Then u is starlike in |z| < Ry of order §, 0 < § < 1, where

1
s (A=) y(-D+puma+l-y)¢m)n-1
= > 2.
Ry lﬂf{ (n=8)r(@+(1-7)) = nz2 (15)
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Proof.uis starlike of order 6,0 < § < 1 if

zu'(z
sn{ € )} > 5.
u(z)
Thus it is enough to show that
zu'(z) ‘_ —Z%°=z(n—1)an2"‘1| Tnea(n — Dag|z" !
u(z) 1-Y2 ,a,z"1 |— 1-Y2 ,a, |zt
Thus
’ (n-98) _
ZZ(S) 1|<1-6if B2 2l < 1. (16)

Hence by Theorem 2.1, (16) will be true if
n—©§ 2zt < (y(n—1) +pu(ma+1-y)p(n 1)

-5 = wa+ a7
or if
1
(-8 (=) +R(a+1-p) (A [T
< > 2.
ot < (n-8)(a+(1-7)) =2 an

The theorem follows easily from (17) .

Theorem 4.2: Let u € TS(y, @, u, A). Then u is convex in |z| < R, of order §,0 < § < 1, where

1
(1-8)(r (1= D +u(na+1-y) (A AT
R, = inf{ n(n—8)u(a+(1-7)) L (18)

Proof: u is convex of order §,0 < 6 < 1if

n

zu"(2)
NEIC

Thus it is enough to show that

2'(2)| |3 n (= Daz"| T, n (= Daylz|"
u'(2) | 1=y na,z" ! | T 1=Yr  na,|z|vt
Thus
"(2) (n-6) -
eS8 if YT e S 1 (19)
Hence by Theorem 2.1, (19) will be true if
=) G D+ e+ 1=y )
1-4 a pla+ 1 -vy)
or if
1
2| < A=)y m-D+uma+i-y))¢mA)|n-1 n> 2. (20)

n(n-8)u(a+(1-y))
The theorem follows from (20).
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Theorem 4.3: Let u € TS(y, @, 1, 2). Then u is close-to-convex in |z| < R; of order §, 0 < § < 1, where

1
(=8 (=D u(na+ 1Y) A |7t
= > .
Rs ”&f{ na(a+(1-1) L 2

Proof: u is close-to-convex of order §,0 < 6 < 1if

R{u'(2)} > 6.
Thus it is enough to show that
u'(z) — 1] = |- X na,z" | < Znan|z|"‘1.
n=2 =2
Thus
W(z)—1|<1-6 if Z;‘f:z(lr_l—&)aﬂzln_l <1 (22)

Hence by Theorem 2.1, (22) will be true if
G-+ pmat1-y)em A

- |Z|n—1 <
1-5 ula+ 1 —-y)
or if
1
2] < [(1—6)(y(n—1)+u(na+1—Y))¢(n,/1) >, 23)
nu(a+(1-y))

The theorem follows from (23)

5. Extreme Points:

In the following theorem, we obtain extreme points for the class TS(y, a, u, 1).

Theorem 5.1: Let u;(z) = z and
_ ula+ 1 -7))

[y(n =1 +u(ma+1-y)]d®n 1)
Then u € TS(y, a, u, A) if and only if it can be expressed in the form

z", for n =23,

up,(z) =z

u(z) = Z 0, u,(z), where 6, >0 and Z 0, = 1.
n=1 n=1
Proof: Assume that u(z) = Yn—; 6, U, (2), hence we get

_ S ula+ (1 —-v))6, n
R e ST s T K

Now, u € TS(y, @, u, A), since

0

z =D +uma+1-pipmA) (e + (1 —y))n
pl@+(1-y) [y(n = 1) +pma+1-y)]pm )

n=2
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Conversely, suppose u € TS(y,a,u,4). Then we show that u can be written in the form Y, 6, u,(2).

Now u € TS(y, a, u, A) implies from Theorem 2.1.

o < ula+(1-y))
"T Iy - +pma+1-p)]emn )

. _ [y(=D+una+1-y)]pna) Coa
Setting 6, = (i) wn =23,
and 0, =1 —Y_, 6, we obtain u(z) = Yorq 0, U, (2).

6. Hadamard product:
In the following theorem, we obtain the convolution result for functions belongs to the class TS(y, a, u, 4).
Theorem 6.1: Letu,g € TS(y,a, 1, A). Thenu * g € TS(y, , {, 1) for
u(z)=z- Z a,z"g(z)=z— ) b,z" and (u*g)(z) =z — Z a, b,z",
n=2 n=2 n=2
where
‘s wa+ 1 -yym-1
T lre-D+pma+1-y)Po(nA) —ptla+ (A -y)ma+1-y)
Proof:
u € TS(y,a,u, )and so
o [y(n-D+uma+i-y)|pn.d)
Zn= k(@+ (1)) =1 @4
and
o [y(n-D+uma+i-y)|pn.d)
Y, @t (7)) b, < 1. (25)
We have to find the smallest number ¢ such that
o [Y(m-D+{(na+1-y)]p(n.4)
Zn:Z Z(a+(1-7)) anbn <L (26)
By Cauchy-Schwarz inequality
o [Ym-D+pma+i-y)l¢mid) ———
Zn:Z w(a+(1-y)) anbn =1 (27)
Therefore it is enough to show that
=D +{na+1-Pipmd)
{(a+(1-7) e
(=D +pra+1 - A —
- pla+(1-v)) e
That is
y(m-D)+uma+1-y)|¢
Vnbn < e e (28)
From
ula+(1—-vy))
Janb, < .
[y(n=1) +pu(na +1-y)]p(n,1)
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Thus it is enough to show that

ula+ (1 —v)) < yn-1)+pma+1-y)I{
y(n—1D +puma+1-y)]pmA) ~ [y(n—1) +{(na+1-y)y

which simplifies to

‘s K@+ (1 =y)ym-1
" oD+ pta+ 1= PemD — @+ - )ma+1-7)

7. Closure Theorems:
We shall prove the following closure theorems for the class TS(y, a, i, ).
Theorem 7.1: Let w;in TS(y, o, p, A). j=1,2,.... Then

9@ =) Guy@) € TSw, @ ud)
=1

For u;(2) = z — Y5, an,j 2", where Y5, ¢; = 1.

Proof.

N

g(z) = Z ¢ u;(z)

j=1
[oe] N
j— — . o

n=2j=1
(oo}

=z— Z e, z",
n=2
where e, = Y5.;¢;ay ;. Thus g(2) € TS(y, a, u, A) if

[ee)

JOoD a1 DD,
pla+(1-y)) e

n=2
that is, if

N

(=D +pma+1-plpmd)
@+ (1—1) yns

_ N, N e D e+ 1-pIgmd)
- &7 ula+(1-) "

n=2

NgE

j=

3
@
N

1
o

-
=y

v |l

< C]=1

—.
=y

Theorem 7.2 : Let u,g € TS(y, a, i, A). Then

h(z)=z— Z(aﬁ + b2)z" € TS(y, @, u, 1), where
n=2
= 2y(n—Dp*(a+ (A -v))
T e D +pma+ 1=y ) —2ut(a+ (1 -y)Mma+1-y)
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Proof: Since u,g € TS(y, a, u, A), so Theorem6.1.1.yields

5 [(y(n —D+umat1-y)¢mA) ]2 <1
pla@+(1-y) "
n=2
and
D G- +pmatl-y¢ma), 1 _
pla+ @1 -v) .
n=2
We obtain from the last two inequalities
w 1[@O-D+uma+i-y)emD]? . 5 | 5
Siieg [LOREE RO (@2 + b)) < 1. (29)
But h(z) € TS(y,a, {, q, m), if and only if
2?10:2 [y(n-1)+{(na+1-y)]p(n,4) (ayzl + b‘rzl) < 1’ (30)

{(a+(1-y))
where 0 < ¢ < 1, however implies (30) if

[y(n—D+i(ma+1-p)]pm )

{a+(1-7))
- Lo -D+uma+1-y)em D)
T2 p(a+(1-y) '

Simplifying, we get

- 2y(n — Dp*(a+ (1 -y))
T lyn =D +uma+1-p)Pe(m,) - 2p2(@+ (1 -y)na+1-y)

¢
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