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Abstract: This paper intends to explore the controller design problem for a class of uncertain fifth-order
nonlinear control systems. Combining the theory of differential and integral inequalities, a linear controller
will be proposed to promote a class of nonlinear control systems with multiple uncertainties to achieve the
goal of global exponential stability. In addition, the guaranteed exponential convergence rate of such
uncertain nonlinear systems will also be precisely calculated. Finally, some numerical simulation results
will also be presented to verify and illustrate the correctness of this main theorem and the design process of
the controller
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L. INTRODUCTION

Since all real physical systems are nonlinear systems, and the system model is simplified or the system parameters are
difficult to estimate, the analysis and design of uncertain nonlinear dynamic systems is very important for researchers.
In recent years, various problems related to uncertain nonlinear systems have been widely and extensively raised, and
impressive results have been presented; see, for example, [1]-[13] and the references therein. It is worth mentioning
that, based on integral and differential inequalities, a linear filter has been designed in [8] to achieve the global
exponential stabilization for a class of uncertain nonlinear systems. Besides, the concept of global exponential &-
stabilization has been introduced in [9] and a nonlinear control has also been established to attain the global
stabilization for a type of uncertain nonlinear systems.

In this paper, motivated by [8] and [9], a simple linear controller will be designed to achieve global exponential stability
for a class of nonlinear control systems with multiple uncertainties. Not only will the exponential convergence rate be
calculated, but we will also provide multiple numerical simulation results to demonstrate the practicality and

correctness of this paper. Throughout this paper, |a| denotes the modulus of a complex number a and "x” means the

Euclidean norm of the vector x € R”".

II. PROBLEM FORMULATION AND MAIN RESULTS
In this paper, we explore the following nonlinear systems with multiple uncertainties:

X, =Aax, + Ad\x, + Ad,x +f1(xl,x2,x3,x4,x5), (1a)
X, =Ad;x; + Ad x, + Adx, + Ad x, + Ad, xg +f2(xl,x2,x3,x4,x5)+ A¢1(ul), (1b)
X; = Adgx, + Abx; + Adyx, + Ad, X +f3(xl,x2,x3,x4,x5), (lc)

%, = Ad, x, + Acx, + Adpxs + fo(x, %, x, %, %), (1d)

X, = Adyyx, + Adyx, + Adygx, + Ad,gx, + Adxg + £ (00,5, X5, %, %) f
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where x(t):z [xl(t) xz(t) x3(t) x4(t) xs(t)]T eR™ s the state vector, u(t):z [ul(l) uz(t)]T e R is
the input vector, Aa,Ab,Ac,and Ad, are uncertain parameters, f; is smooth nonlinear function with

Afi(O,O,O,O,O)Z 0,Vie {1,2,3,4,5}, and the smooth operator A¢l(u) Ro>R Vie {1,2} is the uncertain input

nonlinearity.
The following assumptions are made for the above uncertain and nonlinear terms:

(A1)  There are constants &, b, ¢, and ch such that

Aa<-a<0, Ab<-b<0, Ac<—c<0, |Ad|<d, Vie{l23,17}
(A2)  There are positive numbers #; and 7, such that

rou’ <u-Ag(u), Viell,2}.

(A3)  There are positive numbers kl R kz, k3, k 4, and k5 such that

5
2 —
Zki X, 00 %0533, 54,05 ) = 0.

i=1
The definition of global exponential stability and exponential convergence rate are introduced below.

Definition 1 [8, 9]: If there are positive numbers «,k and an appropriate controller u such that
|x@)|<k-e, vizo0,

then the uncertain nonlinear systems (1) are said to be globally exponentially stabilized. In this situation, the positive
number ¢ is called the exponential convergence rate.

The primary goal of this paper is to design a linear controller for the uncertain nonlinear control systems of (1), so that
the entire closed-loop system can achieve global exponential stability. Furthermore, we will calculate the exponential
convergence rate of the above uncertain nonlinear systems based on theoretical derivation.

In the following we present the main result for the global exponential stabilization of uncertain nonlinear systems of

(.

Theorem 1: The uncertain nonlinear systems (1) with (A1)-(A3) are globally exponentially stabilized at the zero
equilibrium point, provided that

k.d
bxc>—2=2, ©)
4
Besides, in this situation, a suitable linear controller is given as

u= [_ X, —1,Xs ]Ta (©))

with
n 2
— —\2 —_ —\2 —_ —2 —_ —_
k,d, +k2d3 2 k,ds +k3d8 2 k2d6+k4d11 k,d, +k5d14 &)
k, k, — ky k, k, k, ky k,
o + +d, + + +
a b c 2
’/‘1 b
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_ —\2 J— —\2 J— 2 —
[kldz+k5dl3] 2[k3dw+k5dlsj 2(k4d12+k5d16) k2d7+k5d14] 6)
0, +

0, >0,and &, > 0. Meanwhile, the guaranteed exponential convergence rate is calculated as
o = min {%, o, %,%, 52}. (6)
Proof. Let
V(x(t):= 25: k2 -x2(t).7)
i=l
The time derivative of V(x(t)) along the trajectories of uncertain systems (1), with (A1)-(A3) and (2)-(7), is given by
V(x(2))=2k7 - x,%, + 2k7 - x,%, + 2k} - xy%; + 2k} - x,%, + 2k2 - X%,
= 2kx,(Aax, + Ad\x, + Ad,x, + f)
+ 2%, [Adyx, + Ad x, + Adgx, + Adgx, + Adoxs + f, + Ad ()]
+2k2x,(Adgx, + Abx, + Adyx, + Ad,gxs + f,)
+2k2x,(Ad, x, + Acx, + Adxs + f,)
+ 2k2x5[Ad X, + Adyyx, + Ady Xy + Adgx, + Adpxg + f, + Agy(u,)]
< 2klax; + 2k} 471|x1||x2| +2k7 a|xl||x5|
+2k; d73|x1||x2| +2k2d X2+ 2k2 a75|x2 ||x3|
22|+ 202 | + 262 e |
— 2k bx; + 2k dyfx x| + 265 d o s x| + 2k x|
- Zkf gxf + Zkfd_lz|x4||x5| + ka52 d_n|x1||x5| + 2k52d_14|x2||x5|
+ 2k52d_15|x3||x5| + 2k52 d_lé|x4||x5| + 21(52 d_”)cs2
2k, fy + 3 f + K fy 4 K, fy + KX )
+2h; 2,0, () + 2k x, 08, (u)

— 26 4 G L7 20 e+ 267
+ 2k22 a73|xl ||x2| + 2k22 aT4x§ + 2k22 a75|x2||x3|
+ 21{22 aT6|x2 ||x4| + 21{22 d_7|x2 ||x5| + 2k32 d_8|x2 ||x3|
2B 2 LB o 25 e 243,
iy (2 bE4 Sy %jx: 22T + 2K e + 262

g8 8
277 277 272 2 2 25 R
+2k; d15|x3||x5| +2k; d16|x4||x5| +2k3 dy 3 + 2050, () + 2k XsAGf 2IQSN
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=2k (4 "4 4 i 2]x12 + 2(1‘1221 + kfa}x1||x2| + 2k12d_2|x1||x5|

+ 202 d, 3 + 20+ I dy |+ 202 + 2 x|
b b

+ 2(k22a’_7 + kszd_m}x2||x5| —2k? (g +ot % + %jxf + 2k32d_9|x3||x4|

+ 2(k d, +k? ,5)x3||x5| 2k2( tets €. 4jx§ +2(kfd_12+ kszd_m)x4||x5|

2R |+ 22 — 243 D ) _ 5y 1080 ()
T m,

<S4 Lo L) 42T 4T s+ 2 T

+2k; d4x2+2(k2d +kjd }Xz"x3|+2(k ds+k; “)x2||x4|

+ 2(k§Z + k2 E)xz |oes| — 243 (% + % + % + %}é + 23 dy|x; x|
+ 23y + K2y | - 23 (% +or s %jx: +2(k3dy, + K2
2
+2k2d | x| + 22 d o — 242 T it ) S
i m

= —2k (4 += 4 + zjxl +2(k2d +k2 )x1||x2|+2k d |X1||X5|
F A + 22 + Ky ||+ 2(k2d, + k2d x|

+z(k;Z+k§a)x2||x5|_zk;(%%%%}g 2k x|

2 T - 205 £ €S £t T 15
+ 2k d | x| + 2k d, 33 = 2k s — 2k,

_2](2( + 4-1-2jxl +2(k d, +k2 )xl||x2|+2(k2d +k2 13]x1"xs|

F A + 22 + K2 ||+ 262, + k2D x|

+ 2(k2d +kZ 14)x2||x5| 2k2(b + Z + z + ij 3 2k d x|
+ 2(k32d_10 + kﬁd_ls)x3||x5| —2k? (% + % + % + %)xﬁ + Z(kja’_12 + kszd_lé]x4||x5|
+ ZkSZd_”xS2
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J— J— 2
\/5 k,d,, n ksd,g k |x |
\/— ks k4 515
-2 k |x4|
02 Je
VB A e kdy
-2 k i 3| k |x4|} ( bxc - kx|
4

- (% + M]("2|’C2| - k5|x5|)Z

ks k

<ok (gjxf IPYEPIERPYE (%jxf iy @xj EPYETIE

< 2allix? +k2x + k2x + k2x? + k2x2)
=2aV, Vit>0.

Thus, we have
20t 17 2at d 2at
&V 4+ 20V =L v]<0, vixo0.
dt
It yields that

J.di[ 27y (x ]dr—ezm V(x(t))- V(x(O))SJ.Odrzo, Vit=0. ®)
0 a4t
It is easy to obtain that

(min & P <7 ()< eV ((0)), ¥ 120,

1<i<5

in view of (7) and (8). Therefore, we conclude that

||x )" m-em, Vit>0.
min

Thus the proof is completed. mi

Remark 1: It is worth mentioning that since the controller mentioned in Theorem 1 is a linear controller, it has the dual
advantages of easy hardware implementation and low price.

II1. NUMERICAL EXAMPLE
Consider the uncertain nonlinear systems of (1) with

Si=Xx3x,, o =—xx%,,  fi=x0xX,,  fi=x%x, f5=0, (%)

A¢1(“1): Adgu, + Adw“fa Ag, (”2): Adyu, + Ad21u§ (9b)
1<Ad <3, 0<Ad,<1, 1<Ad, <2, 0<Ad, <2, (%)
a=30, b=5 c¢=445 d =1, Vie{256710,111215]1617}, (9d)
d =32, dy=d,=10, d,=15.7, d,=2.5, d,=d,, =38.5.
:SQ ISSN A
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By properly selecting parameters 7; =7, =1 with (9b) and (9¢), (A2) is evidently satisfied. Obviously, by choosing
parameters kl =k3 =k4 =k5 =1 and k2 =\/§, (A3) is evidently satisfied. From (4)-(5) and combining the

parameters 0, =0, =1, one has

— —\2 — —\2 —_ —\2 — J—
(lﬂd1+k2d3J 2(k2d5+k3d8J 2(k2d6+k4d1|J (k2d7+k5dl4j

k k — k k k k k k

évl"" 2 1 +d4+ 3 2 + 4 2 + 5 2

IS
S

10
\8}

I
>
oY
\S}

= 68.39.

Therefore, by Theorem 1 with 77, =105 and 77, = 69, we conclude that the uncertain nonlinear systems (1) with (9)

via the linear control

u=[-105x, —69x,| (10)
is globally exponentially stable. In this situation, from (6), the guaranteed exponential convergence rate is calculated as
. |a b ¢
a=min<=,90,,=,=,0, r=1.
2 4 4

Typical state trajectories of uncontrolled and controlled systems are shown in Figure 1 and 2, respectively. It can be
seen from Figure 2 that the uncertain nonlinear systems (1) with (9) can indeed achieve the goal of global exponential
stability under the linear controller of (10). Besides, the control signal and the electronic circuit to realize the simple
linear control are depicted in Figure 3 and 4, respectively.

IV. CONCLUSION
In this paper, the controller design problem for a class of uncertain fifth-order nonlinear control systems has been
explored. Combining the theory of differential and integral inequalities, a simple linear controller has been proposed to
promote a class of nonlinear control systems with multiple uncertainties to achieve the goal of global exponential
stability. In addition, the guaranteed exponential convergence rate of such uncertain nonlinear systems has been
precisely calculated. Finally, some numerical simulation results have also been presented to verify and illustrate the
correctness of this main theorem and the design process of the controller.

ACKNOWLEDGEMENT
The authors thank the Ministry of Science and Technology of Republic of China for supporting this work under grant
MOST 109-2221-E-214-014.

REFERENCES
[1] L. Brunke, S. Zhou, M. Che, A.P. Schoellig, “Optimized Control Invariance Conditions for Uncertain Input-
Constrained Nonlinear Control Systems”, IEEE Control Systems Letters, Vol. 8, pp. 375-379, 2024.
[2] B.K. Lenka and R.K. Upadhyay, “Global Stabilization of Incommensurate Real Order Time-Varying Nonlinear
Uncertain Systems”, IEEE Transactions on Circuits and Systems II: Express Briefs, Vol. 71, No. 3, pp. 1176-1180,
2024.
[3] S. Liu, H. Wang, T. Li, and K. Xu, “Adaptive Neural Fixed-Time Control for Uncertain Nonlinear Systems”, IEEE
Transactions on Circuits and Systems II: Express Briefs, Vol. 71, No. 2, pp. 637-641, 2024.

Copyright to IJARSCT DOI: 10.48175/IJARSCT-15686
www.ijarsct.co.in

511



(/ IJARSCT ISSN (Online) 2581-9429

xx International Journal of Advanced Research in Science, Communication and Technology (IJARSCT)
IJ ARSCT International Open-Access, Double-Blind, Peer-Reviewed, Refereed, Multidisciplinary Online Journal
Impact Factor: 7.53 Volume 4, Issue 1, March 2024

[4] B. Mao, X. Wu, Z. Fan, and H. Liu, “Performance-Guaranteed Finite-Time Tracking for Uncertain Strict-Feedback
Nonlinear Systems”, IEEE Transactions on Circuits and Systems II: Express Briefs, Vol. 71, No. 1, pp. 375-379, 2024.
[5] R. Meng, C. Hua, K. Li, and P. Ning, “A Multifilters Approach to Adaptive Event-Triggered Control of Uncertain
Nonlinear Systems With Global Output Constraint”, IEEE Transactions on Cybernetics, Vol. 54, No. 2, pp. 1143-1153,
2024.

[6] Y. Shui, L. Dong, Y. Zhang, and C. Sun, “Switching-Event-Based Interval Type-2 Fuzzy Control for a Class of
Uncertain Nonlinear Systems”, IEEE Transactions on Fuzzy Systems, Vol. 32, No. 2, pp. 562-573, 2024.

[7] V.K. Singh, S. Kamal, S. Ghosh, and T.N. Dinh, “Neuroadaptive Prescribed-Time Consensus of Uncertain
Nonlinear Multi-Agent Systems”, IEEE Transactions on Circuits and Systems II: Express Briefs, Vol. 71, No. 1, pp.
296-300, 2024.

[8] Y.J. Sun, “Robust filter design for a class of uncertain chaotic systems and its circuit implementation”, International
Journal of Trend in Scientific Research and Development, Vol. 6, No. 1, pp. 1735-1738, 2021.

[9] Y.J. Sun, Y.B. Wu, and C.C. Wang, “Robust stabilization for a class of nonlinear systems via a single input control
applicable to chaotic systems and its circuit implementation”, Chaos, Vol. 23, No. 2, pp. 023127 (1-6), 2013.

[10] Z.Y. Sun, C. Zhou, C. Wen, and C.C. Chen, “Adaptive Event-Triggered Fast Finite-Time Stabilization of High-
Order Uncertain Nonlinear Systems and its Application in Maglev Systems”, IEEE Transactions on Cybernetics, Vol.
54, No. 3, pp. 1537-1546, 2024.

[11] Z.M. Wang, X. Zhao, X. Li, X. Zhang, and R. Mu, “Energy-Based Control for Switched Uncertain Port-Controlled
Hamiltonian Systems With Its Application to RLC Circuit Systems”, IEEE Transactions on Systems, Man, and
Cybernetics: Systems, Vol. 54, No. 1, pp. 107-118, 2024.

[12] H. Xu, D. Yu, and Y.J. Liu, “Observer-Based Fuzzy Adaptive Predefined Time Control for Uncertain Nonlinear
Systems With Full-State Error Constraints”, IEEE Transactions on Fuzzy Systems, Vol. 32, No. 3, pp. 1370-1382,
2024.

[13] C. Zhao and Y. Zhang, “Understanding the Capability of PD Control for Uncertain Stochastic Systems”, IEEE
Transactions on Automatic Control, Vol. 69, No. 1, pp. 495-502, 2024.

30
20 I 1
| \Mﬁ |
RIRAA [
fr %MJAJ\ |
10 [ CON / |
-y
0K | H /) ‘lJlx
N
| VAR~ "J
S 0n VT / \‘L
x / \ |
| «/\\ // /
20| f\ “““ N \, ’r“ i
\ U x1: the Blue Cune ‘\ /
| | 7 x2:the Green Cune H ~
3011 x3: the Red Cune Lap/ Y ]
\ x4: the Aqua Green Curve “ f Jf \/
40 x5: the Pink Curve ! v _
/
_50 [ | [ | [ | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t (sec)
Figure 1: Typical state trajectories of the uncontrolled systems of (1) wA
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Figure 2: Typical state trajectories of the feedback-controlled systems of (1) with (9) and (10).
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Figure 3: The time response of the control signal of (10).
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The uncertain systems (1) with (9)

Figure 4: The diagram of implementation of numerical example, where R1 =1kQ), R2 =105k, R3 =1k, and
R4 = 69kC2.
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